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Abstract
A DYNAMIC PRICING POLICY FOR PERISHABLES WITH
STOCHASTIC DEMAND
Gonca Yıldırım
M. S. in Industrial Engineering
Supervisors: Assoc. Prof. Ülkü Gürler, Asst. Prof. Emre Berk
January, 2001
III this study, we consider the pricing of perishables in an inventory system where 
items have a fixi'd lifetime. Unit demands come from a Poisson Process with 
a price-dependent rate. The instances at which an item is withdrawn from 
inventory due to demand constitute decision epochs for setting the sales price; the 
time elapsed between two such consecutive instances is called a period. The sales 
price at each decision epoch is taken to be a lunction of Tj denoting the remaining 
lifetime when tin' inventory level drops to z, i =  1 , . . . ,Q.  The objective is to 
determine the optimal pricing policy (under the proposed class) and the optimal 
initial stocking level to maximize the discounted expected profit. A Dynamic 
Programming approach is used the solve the problem numerically. Using the 
backward recursion, the optimal price paths are determined for the discounted 
expected profit for various combinations of remaining lifetimes. Our numerical 
studies indicate that a single price policy results in significantly lower profits 
when compared with our formulation.
Key Words: Perishable Inventory, Pricing Policy, Time Discount, Dynamic 
Programming.
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BOZULABİLİR ÜRÜNLERİN RASSAL TALEP DAĞILIMI 
ALTINDA DİNAMİK FİYATLANDIRILMASI
Gonca Yıldırım
Endüstri Mühendisliği Bölümü Yüksek Lisans 
Tez Yöneticileri; Doç. Ülkü Gürler, Yar. Doç. Emre Berk
Ocak, 2001
Bu çalışmada, stoktaki malların raf ömrünün sabit olduğu, bozulabilir ürünlerin 
fiyatlandırılnıası incelenmiştir. Birim talepler, oranı fiyata bağlı Poisson sürecine 
göre gelmektedir. Talebe bağlı satış anları satış fiyatının belirlenmesindeki 
karar noktaları, ardışık iki karar noktası arasındaki zaman periyod olarak ifade 
edilmiştir. Karar noktalarındaki satış fiyatı envanter seviyesi i'ye düştüğü {i = 
1, . . . ,  Q) andaki kalan raf ömrünün (tj) bir fonksiyonudur. Amaç, bu çalışmada 
önerilen sınıf içinde, eniyi fiyatlandırma politikasının ve indirilmiş beklenen 
kârı enbüyüten eniyi başlangıç stok miktarının belirlenmesidir. Problemin 
sayısal çözümünde dinamik programlama kullanılmıştır. Geriyinelenmeyle, 
eniyi indirilmiş beklenen kâr amacıyla geri kalan ömür birleşimleri için eniyi 
fiyatlandırma yolları belirlenmiştir. Sayısal çalışmalar, sabit fiyat politikasının, 
önerilen gösterimdeki sonuçlardan belirgin bir biçimde daha az kârli olduğunu 
göstermiştir.
Anahtar Sözcükler: Bozulabilir Envanter, Fiyatlandırma Politikası, Zaman 
indirimi, Dinamik Programlama
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Chapter 1
INTRODUCTION and 
LITERATURE REVIEW
In most of the classical inventory models, it is assumed that the items do not 
deteriorate no matter how long they stay on the shelf. Although this assumption 
is valid for most of the durable goods, it may not be realistic for many other 
products such as chemicals, foodstuffs, pharmaceutical drugs, fashion goods etc.
Many industries face various types of perishing structures. Perishing can 
be in the form of a continuous deterioration where the decay occurs with a 
rate depending on the amount and/or age of the items. Radioactive materials, 
some food types, volatile chemical substances, etc. are typical examples for 
continuously deteriorating inventory. On the other hand, blood products, fresh 
food, drugs and electronic components are some examples that display negligible 
or no loss in quality and value during a fixed lifetime, but after which these 
items become useless and/or obsolete. In this case, the lifetime of the items are 
said to be fixed (constant). In some other cases, the lifetime may be fixed but 
random. The fixed-life perishability problem is criticized because the lifetime of 
an item may depend on external factors such as heat, temperature, etc. leading 
to random shelflives. If perishables are kept in ideal environments providing 
an excellent condition that lets durability last for the lifetime long, then fixed
shelflife would be a plausible assumption, otherwise random shelilife model would 
be more appropriate.
Perishable inventory theory received greater interest in the recent years. This 
is particularly because most inventory types perish or become obsolete after 
a finite amount of time. Besides, in general, the known approaches used for 
the infinite lifetime inventory models are incapable of modeling the perishable 
inventories.
Efforts in perishable inventory theory can be classified into three types of 
research areas. Studies of perishables include replenishment policies including 
instantaneous delivery or positive lead time covering constant and random lead 
times, pricing policies including dynamic pricing and finite price changes and 
simultaneous pricing and ordering decisions.
Classical perishable inventory studies start with the replenishment policies 
including instantaneous delivery or positive lead time including constant and 
random lead time. Conventional EOQ models for continuous deterioration are 
investigated for exponential decay by Chare and Schrader [18], Weibull decay by 
Covert and Philip [8] and Gamma decay by Tadikamalla [40]. Shah and Jaiswal
[38] studied a deteriorating inventory with constant rate of decay and zero lead 
time. Nahmias and Wang [28] considered an exponential decay and proposed 
a heuristic (Q,r) policy. Raafat [32] provides a review of the literature for the 
continuously deteriorating items.
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For fixed-life perishability. Van Zyl [41] considered both finite and infinite 
horizon dynamic programming model with exactly two periods of shelf-life. 
Nahmias [23] and Fries [16] formulated the fixed-life perishability problem 
simultaneously and extended this model for m  periods. Nahmias [27] also provides 
a review for perishables with fixed-lifetime and a limited number of models for 
continuous deterioration. In both review papers of Nahmias and Raafat, existing
models are categorized depending on whether the lifetime is fixed or not, type 
of demand (deterministic/stochastic, static/varying, etc.), number of periods 
(single/multiple, finite/infinite horizon, etc.), shortage/no shortage.
Nandakumar et. al. [29] developed heuristics for the fixed-life perishability 
problem formulated by Nahmias and Fries for periodic review inventory problems 
through a newsboy model. For two and three periods problems they provided 
stochastic dynamic programing solution and for more periods they used 
simulation to find bounds on optimal order quantity. Weiss [43] considered a 
continuous review perishable inventory model with a fixed lifetime and Poisson 
demand. The replenishment lead-time is assumed to be zero. He included loss 
sales and backlogging to the fixed-lifetime perishing and proposed the type of 
optimal inventory policy for two cases. For the lost sales case, he showed that 
there exists an optimal policy that is in one of the two forms; never order or order 
up to S  if and only if the inventory level is 0. For the backordering model, it is 
shown that the optimal policy orders up to S  when the marginal shortage cost at 
that time is greater than or equal to the optimal long run average cost. Schmidt 
and Nahmias [37], and later Perry et. al. [30] considered (5 — 1,5) inventory 
system for fixed shelf-life, positive and constant lead time. Kalpakam et. al.
[20] analyzed the same inventory system with renewal demand and exponential 
life-times and lost sales.
The models for perishability problem is extended to quantity discounts. Shiue 
[36] developed a perishable inventory model for exponential decay with quantity 
discounts and partial backordering under a prescribed scheduling period. Wee [42] 
extended Shine’s work by developing an algorithm to determine the replenishment 
and the pricing policy of products having a Weibull rate of deterioration including 
quantity discount and partial backordering.
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Ordering and pricing decisions in perishable inventory received great interest. 
Studies in this area include pricing decisions specifically for perishables and
revenue management for obsolescence type of perishing. Pricing decisions such as 
dynamic pricing or fixed number of price changes, when to switch the price and 
optimal durations of price changes for fixed or random demand are the major 
research topics. It is relatively difficult to obtain the optimal pricing decisions 
when the items are perishable and demand is stochastic. Pricing decisions on 
perishable products are affected by the remaining lifetime of the products and by 
the amount of inventory on hand. However, it is too complicated to consider both 
time and inventory simultaneously. Besides, the stochastic nature of demand 
in most situations further complicates the analysis in this area. As a result, 
optimal policies taking into account both of these factors come out with restrictive 
assumptions and in complex formulations or heuristics. Studies of pricing policies 
mainly focused on the yield management area for airline and hotel industries, sales 
promotions and retailing.
Ardalan [3] discusses a single temporary price discount and the optimal order 
quantity in a non-perishable inventory system when the supplier offers a discount 
to its retailer. Demand is assumed to be price dependent and deterministic. He 
particularly uses a known demand function decreasing in price to illustrate his 
model numerically. In his model, he assumes that when the supplier offers a 
price discount to the retailer, a price discount will be given to the customers for a 
special order quantity which is also to be determined. The special order quantity 
is optimized through maximizing the net present value of the profits earned and 
using the first order condition. The discounted optimal price is found using 
an iterative search method. Ardalan reports that although discounts in general 
reduce the unit profit margin, the total profit may increase because of the increase 
in total profit that the additional demand generated due to discounting.
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Eilon et. al. [9] are the first authors to analyze the pricing policy for a 
perishable item with a fixed shelf-life. Cohen [7] considered joint pricing and 
ordering policy for an exponentially decaying product in a continuous review, 
deterministic demand model with instantaneous replenishment. Later, Kang et.
al. [21] extended Cohen’s model for the case with finite replenishment. Aggarwal 
et. al. [2] pointed out an approximation error in Cohen’s model and formulated 
the same problem. Lazear [22] examined various retail pricing clearance sales 
for one and two period models, heterogeneous customers, heterogeneous goods, 
fashion, obsolescence, discount rates, etc. However, he assumed that the worth 
of the good decreases periodwise and the amount of decrease is assumed to 
be known. He focused on demand uncertainty and considered no costs in his 
formulation. He formulated a dynamic program to find the prices to be set 
at each (known) period utilizing prior information about the sales in previous 
periods. Within this framework, the initial prices are lower if the obsolescence is 
rapid and the prices fall more rapidly with time.
Recent work in pricing policies of perishables are related with yield 
management. One of the major works in this area is Gallego and van Ryzin’s
[17] study presenting multiple price and unlimited price changes. They derived an 
optimal pricing policy in closed form when demand functions are exponential. For 
general demand functions, they analyzed a deterministic version of the problem 
and obtained an upper bound on the revenue. With this upper bound, they were 
able to develop a single price policy that is asymptotically optimal when either 
remaining shelftime or inventory volume is large. However, these approximations 
are criticized by Feng and Xiao [13] in the sense that a large sales volume and 
a long remaining lifetime usually “smooth out” the fluctuations in sales over the 
season. They suggest that this situation is less likely when the time interval 
and remaining inventory becomes small. Also, they imply that only a particular 
family of demand functions (exponential) is investigated and the results are not 
tested for small time intervals. Gallego and van Ryzin report that their heuristic 
is only 5% to 12% below the optimal revenue when number of items is fewer than 
10 and it is nearly optimal for more than 20 items. Feng and Xiao imply that a 
5% gap in revenue is fairly significant in a competitive market.
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For general demand functions, Feng and Gallego [11] obtain the optimal
revenue maximizing policy with two prices and a single switch in a finite horizon 
yield management setting. They deal with the optimal timing of the single price 
change from a given initial price. They showed that price should be decreased 
(increased) as soon as the time-to-go falls below (above) a threshold that depends 
on the number of unsold items. Feng and Xiao [14] incorporated a risk factor 
into the two-price model. They assume fixed capacity, finite sales horizon and 
predetermined prices. Demand follows Poisson process with a rate decreasing in 
price. The risk is incorporated by adding a penalty to the objective function and 
they obtained a closed form for the exact solution of the continuous model for 
maximum revenue. Feng and Gallego [12] extended the model by assuming time- 
dependent or Markovian demand and fares. Feng and Xiao [15] modified Feng 
and Gallego’s [11] model for airline fares setting which considers two prices and 
a single switch assuming predetermined prices, price sensitive demand following 
Poisson Process. The price change is taken monotonical (i.e. either markup or 
markdown). They obtained the exact solution in which more than two prices and 
multiple price changes are included. Their results indicate that at each inventory 
level there exists a sequence of time thresholds that guide price changes. The 
threshold points tend to zero as inventory increases. In all these models, price 
reversal is not allowed and pricing is either of markup or markdown form only.
Feng and Xiao [13] extended the work of Gallego and van Ryzin [17], by 
assuming one price to be offered at a time. Prices are predetermined rather 
than being Markovian variables. They assume that there are multiple prices and 
reversible change in prices is allowed. Demand is taken as Poisson process and is 
strictly decreasing in price. Maximizing revenue, the optimal prices are computed 
based on the length of remaining sales time and inventory on hand.
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Subrahmanyan et. al. [39] developed a dynamic programming model 
for a periodic review inventory system with uncertain demand and solved 
it numerically using backward recursion. They incorporated “learning” and 
“updating” of demand by observing the system through previous periods and
creating posterior demand distribution via Bayes Rule. They discounted the 
maximum expected profit so as to find the stocking, reordering quantities and 
pricing for items with a short sales season such as fashion goods.
Federgruen et. al. [10] analyzed a similar system for periodic review model in 
which stockouts are fully backlogged. They model both finite and infinite horizon 
models with the objective of maximizing total expected discounted profit or its 
time average value assuming prices can be adjusted arbitrarily or they can only be 
decreased. They developed a value iteration method where demand function in 
each period is non-increasing and concave in the period’s price and that expected 
demand is finite and strictly decreasing in the price. They showed that base 
stock list price is optimal for the finite horizon with bi-directional price changes. 
Namely, if the inventory level is below base stock level, it is raised to base stock 
level and list price is charged. If the inventory level is above the base stock level, 
than nothing is ordered and a price discount is offered.
Bitran et. al [4] extended the work for near-optimal policies for periodic review 
inventory system. The price is allowed to change at discrete intervals of time but 
it is never allowed to rise. The demand is taken to be Poisson. They present 
empirical analysis for their study, yet no theoretical results are provided. Later 
Bitran et. al. [5] extended this study in which heuristic solutions are developed 
for retail chains with several stores coordinating prices.
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Chatwin [6] discussed a continuous time airline overbooking model with time 
dependent fares and refunds. Chatwin particularly deals with the near end 
of the fixed lifetime. A price is set prior to the end of the horizon from a 
finite set of allowable prices which is diflferent from the previous works for yield 
management assuming predetermined set of prices given in a range. When there 
are n items in the inventory, using boundary conditions, for the maximization of 
expected revenues, he showed that the maximum expected revenue function is 
non-decreasing and concave and optimal price is non-increasing in the remaining
inventory and in the time-to-go. He also showed that these results hold when 
prices and corresponding demand rates are functions of time-to-go but not when 
the demand rates are functions of inventory level.
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Rajan et. al. [33] analyzed the dynamic pricing and ordering decisons 
for a monopolistic retailer with continuous (exponential) deterioration. The 
perishing is formulated using a time dependent wastage rate and value drop. They 
investigated linear and nonlinear demand cases and established propositions on 
the optimal price changes and optimal cycle length. In this study, they assume 
that the seller knows the parameters of the demand distributions with certainty 
and no learning or revision of the demand distributions takes place during the 
horizon. They also compared the dynamic pricing with fixed price and reported 
that the difference between profits depend on the extent optimal dynamic prices 
varies over the cycle. This variation depends heavily on the interaction between 
wastage and value drop. Wastage causes dynamic costs and price rises as product 
ages. Value drop has an opposite effect and prices fall. When one factor 
dominates the other, the optimal price trajectory varies. Abad [1] generalized 
the work of Rajan et. al. allowing the demand to be partially backlogged when 
goods are highly perishable and customers are willing to wait. Abad assumed 
the same type of continuous deterioration and formulated the same problem as 
a nonlinear program which is solved using a sequential iterative method. He 
obtained closed form expression for optimal price and optimal ordering quantity.
The pricing policies in the literature of perishables generally focused on fixed 
number of price changes. Some research include dynamic pricing of the inventory 
using updating of the demand from previous periods. Dynamic pricing is studied 
by only a few researchers since it is difficult to obtain the solution to the exact 
formulation. The policies are obtained usually using dynamic programming 
approach or heuristics. The below table summarizes some selected major pricing 
studies in literature.
Reference
Issues Covered Cohen La^ear Raj an Gallego and Feng and Abad Federgruen Feng and Feng and Chatwin
[7] [22] et. al. [33] van Ryzin [17] Gallego [11] [1] et. al. [10] Xiao [13] Xiao [15] [6]
[1977] [1986] [1992] [1994] [1995] [1996] [1999] [2000] [2000] [2000]
Perishing Structure
Decay
Random(Expo./General) 
Fixed
v/
V v u V
v/
V %/ v/ V
Replenishment Policy
Ordering Decision 
Initial Stocking Level
V ^/
t
V
Demand Process
Poisson
General
V v7
v'
^/ V V
Deterministic
Implicit
v/ t t V
Price Dependent Demand Rate
Additive
Exponential
y ^/
^ /t
V V
Predetermined V i %/ V V
Pricing Policy
Fixed %/ t V V
Dynamic y v/ V
Single Price Change 
Multiple(Finite) Price Changes
i v/
V V V
Discounting V
i
I
3
o
b
c:
0
§
§
1
§
Eq
i
t Extension with different assumptions 
t Another extension with different assumptions
Table 1.1: Summary of Some Pricing Studies on Perishable Inventory
C£>
Chapter 2
MODEL and THE ANALYSIS
Based on the studies related pricing of perishables in literature, we observed 
that very few researchers considered profit maximization and discounting. 
Furthermore, in most cases, the demand is considered to be deterministic. In this 
study, we focused on the discounted expected profit maximization of perishables 
for which the pricing decisions are given at demand arrival points.
The pricing problem is formulated using a dynamic programming approach, 
by maximizing the discounted expected total profit. Dynamic programming is 
considered to be a technique that is particularly applicable to problems requiring 
a sequence of interrelated decisions. The idea is to decompose the problem into 
(smaller) subproblems which are more manageable. In our case, the subproblems 
are considered to be pricing of items at each inventory level with a given remaining 
lifetime for each possible realization of inventory from a starting level until the 
clearance.
Our objective is to determine an optimal pricing policy in a dynamic way 
that maximizes the total discounted expected profit. Our procedure starts when 
the inventory level drops to one item and continues the optimization recursively 
backwards for other inventory levels using the optimized values at the previous 
price setting points.
10
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2.1 Pricing Policy and Assumptions
We consider the instances at which an items is withdrawn from inventory due 
to demand as decision epochs for setting the sales price. There are initially Q 
items in the inventory and the items are withdrawn from the stock either by 
unit demands or perishing. The shelflife of items, r, in a batch are assumed to 
be identical and constant. We assume that price is a function of the number of 
items on hand and the remaining lifetime, that is, Pi{Ti) is the price set when 
the inventory level drops to i items with a remaining lifetime of Tj. However, 
for notational convenience, we suppress the argument and use Pi. We assume 
that demand at any time is price sensitive, following a general distribution with 
a rate Aj, which is a decreasing function of the current price pi, where i is the 
number of items in the inventory at that time. Hence, interdemand times for 
items in a batch are independent but not identical random variables. There is 
only one replenishment at the beginning of the horizon. Revenues are collected 
and costs are incurred as the items are sold. Costs involved are the holding and 
perishing costs. Since discounting complicates the computations, it is rarely used 
by researchers dealing with pricing. (See [39], [10]). However, a dynamic pricing 
policy requires the discounting scheme, especially in a setting like ours. Therefore, 
all the cash flows are discounted at a discount rate, r. Unsold items have a zero 
salvage value and all costs related to the purchase or ordering costs are considered 
as sunk costs. In the following section, details of the model development will be 
discussed.
2.2 Model Development
According to the pricing policy explained above, the prices are updated at the 
demand points. Since the demand rate is price sensitive as mentioned before, the 
time until the next demand can be denoted by Xi, if there are currently i items 
in stock. That is, interdemand times are not identical. However, in the text we 
sometimes drop the index i and use X  to denote a generic interdemand time.
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We consider the price setting points where Tj is the remaining lifetime when 
the inventory level drops to z, z =  1,2, . . . ,  Q. We assume that there is no cost of 
changing the price or it is negligible. The first stage is the one where the inventory 
level drops to one unit and has a remaining lifetime of ti with a current price 
of Pi. The second stage is the case when the inventory level drops to two items 
with a remaining lifetime of T2 and price and the last stage is when all the 
items are all fresh.
The inventory system under consideration can be visualized by the following 
two realizations:
Inventory Level
Z -T  ji-X
1 _
Inventory Level
/i
-H
------ : i
—*^time
1 _
—s»-
-^time
Figure 2.1: Typical Realizations of the Inventory System
Based on the relations between the remaining lifetime and the interdemand time, 
the two possible realizations are explained below:
R ealization 1: The inventory is depleted by demands only. This means that the 
lifetime is not reached until the inventory level decreases to 1 and a demand for 
the last item arrives within an interdemand time X  = x that is smaller than the 
remaining lifetime of the last item. That is, x < ti . In this case, sales horizon 
ends T — Ti + X, where x < Ti . Also, notice that only the holding cost is 
associated with this realization.
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R ealization 2: Some or all of the items in the inventory perish before being 
sold. This means that lifetime is reached at some point in time when there are i 
itern(s) in the inventory, i = 1,. . .  ,Q. In this case, the length of the sales horizon 
is simply the fixed lifetime of the fresh items, r. Also, the costs associated with 
this realization ai e the holding and the perishing costs of the i items.
Starting with the first stage, the recursive equations for discounted expected 
profit, first and second order conditions for optimality will be written for the 
remaining stages considering the stochastic processes associated with each of 
these realizations. The derivation of the formulae is explained in the following 
section.
2.3 Discounted Expected Profit w ith Renewal 
Demands and Constant Shelfiife
In this section, we derive the discounted expected profit as a function of the 
decision variable of the price for renewal demand and constant shelfiife. Later, 
the recursive equations will be modified for the special case of Poisson demand 
and constant lifetime. Since dynamic programming is used, the problem is divided 
into subproblems and in each subproblem, a stage of the inventory is investigated 
starting from th<' last item in the inventory up to the level when there are Q 
fresh items. Before constructing the recursive equation we define some particular 
quantities which will be used in our model. The discounted unit revenue for an 
item that is sold at price p after being held x units of time in inventory is given by:
Discounted Unit Holding Revenue = pe~’'^
For an item that is held x units of time in the inventory, with a discount rate v
and per unit holding cost per unit time, /i, is given by:
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rx
Discounted Unit Holding Cost = h = h
Jo
1 — e~
For an item that perishes at time x with unit perishing cost tt, the discounted 
unit perishing cost is:
Discounted Unit Perishing Cost =  Tre“'"®
2.3.1 First Stage Derivations
The recursive equation for the discounted expected profit is derived starting with 
the last item left in inventory and writing the general equation for the i items 
by backward recursion. When there are i items left in stock, there are only two 
possible cases; either a demand arrives or the items all perish. This also holds for 
the last item left in the inventory. Consider the last item in the inventory. The 
two possible realizations are shown in the following figure:
Inventory Level Inventory Level
t
(a) Demand Case
T > X 
1
(b) Perishing Case
X < X 
1
Figure 2.2: Realization of the Inventory System for the last item
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Case 1: Demand Occurs
In the case of demand occurrence, the only cost that is incurred the holding 
cost. Let /(·) be the indicator function of the argument. Discounted expected 
cost for the last item when demand occurs before perishing can be calculated as:
1 —rX
¿^[Discounted Cost of Demand Case] = E[{h---------- )^(ti > X)] (2.1)
Let (x) denote the probability density function of interdemand time when the 
inventory level drops to i items with a given price Pi. Hence the discounted 
expected cost of the last item when demand occurs is given as:
1 — e- r X ri  1 -  e'
E[{h-— ---- ) / ( r i > X ) |  = f h-— — gp^{x)dx
Jo r (2.2)
Let Ri{Ti,Pi) be the discounted expected revenue when there are i items left in 
stock with a current price of Pi and remaining lifetime of Xj. Similarly, for this 
case, the discounted expected revenue is found as:
R i {tuPi ) = > X)] = i  Pie "'^gp^{x)dx
J 0
(2.3)
Case 2: Perishing Occurs
Let Gpi{x) be the probability that no demand occurs up to time x, if the 
items are sold at price Pi- In the case of perishing, both the holding and perishing 
costs are incurred. Thus, discounted total average cost for the first stage when 
perishing occurs before a demand occurrence is:
1 —
EfDiscounted Cost of Perishing Case] = E[{h------------- f - < X)]
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where,
1 _  g -r r i
E [h-----------+ 7 re -" ‘)/ (n  < ^ ) ]  = {h
1 — e"TTi + 7re-^^^)E[I{n<X)]
1 _  Q-rri
(h -------------- +  7re-^^^)P{X > r i )
r
1 _  p-rri _
{h-------------- +7re-^^^)G ,,{n)
r
(2.4)
Let Ci{Ti,Pi) be the discounted total expected cost when the inventory level drops 
to i items with a remaining lifetime of Tj. The discounted total expected cost, 
C'i (ti,Pi) for the last item is the following:
PTi
Ci {ti,P i ) = h
JO
n I -  e~
-gp,{x)d:X
r
1 _  p -r r i  _
+  {h-------------- +  7re— (2.5)
Denoting the discounted total expected profit by Ki{Ti,pi) when the inventory 
level drops to i items with a current price of Pi and remaining lifetime of r^ , the 
expected discounted total profit for the first stage is computed by subtracting 
the discounted total expected costs from the discounted total expected revenue:
i^iiruPi) = Ri{ruPi) -  Ci {ti,p i )
Hence, we have:
rn _ i-Ti 1 —
« i(n ,P i) = / Pi^ ” ppi(a;)dx- / h ---------- 9pi{x)dxJo Jo r
1 _ p - r r i  _
-  (h-------------hTre '■’'OGpi(ri) (2 .6)
The Equation (2.6) gives the discounted expected total profit when there is a
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single item left in inventory with a current price of pi and remaining lifetime of 
Ti. This formula provides the stepping stone for the recursive equation that will 
be derived for i items, (i > 1) in stock.
2.3.2 Second Stage Derivations
Now that we have the optimal discounted profit equation for the last item in 
inventory, we can apply the dynamic programming approach to find out the 
recursive equation for the optimal profit and hence the optimal price to be set 
at the point where the inventory level drops to two items. The two possible 
realizations for the last two items are shown in the following figure:
Inventory Level
2'^
-*-► t
Inventory Level
(b) Perishing Case(a) Demand Case
T > X T < x
2 2
T = T  + X 
2 1
T = T  - X 
1 2
Figure 2.3: Realization of the Inventory System for the last two items
When the inventory level drops to two items, a new price p2 can be set. To 
find the discounted total expected profit, one should consider two realizations
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as indicated in Figure 2.3. In the case of demand occurrence, the discounted 
expected profit from the stage when the inventory level drops to one item should 
also be considered. The discounted expected revenue when the inventory level 
drops to two items is given by the following equation:
rT2 ^
R2{t2,P2) = /  P2e~'~'‘gp2{x)dxJ 0
(2.7)
and the optimal discounted expected profit obtained in the previous period is:
(2.8)
Since Ti = T2 — X, we can insert this information into the above equations. The 
discounted total expected costs for the two items can be easily found using 
Equation (2.5), multiplying the cost terms by 2 and inserting the appropriate 
density function for the two items. Hence, C2 {t2 ,P2) is given as:
fC2{t2,P2) = /J 0
T2 1
2h---------- gp^{x)dx
r
I -  p-rT2 _
+ 2{h-----------+ n e -" ‘)G„{T2) (2.9)
The discounted expected profit is, then, obtained by subtracting the 
discounted expected costs from the discounted expected revenue and the optimal 
discounted expected profit (discounted) in the previous period:
«2(t2,P2) =  R2{t2,P2)+[  i^*i {t2 ~ x,p*i)e~'''"gp^{x)dx -  C2{t2)J 0
Hence, the discounted expected profit when the inventory level drops to two items
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with a remaining shelflife of T2 at the current price p2 is given as;
rT2 rT2
«2 (7-2 ,P2 ) = / P2e~"'''gp2 {x)dx+ kI(t2 -  x,pl)e~''''gp^{x)dx
Jo Jo
rT2 I — Q-rX
-  2h---- ----- gp^{x)dx
1 _  p-rT2 _
-  2{h----- -^----+^e-^r2^Gp,{T2) (2.10)
2.3.3 General Stage Derivations
Writing the recursive equation for the discounted expected profit is a quite 
straightforward task utilizing the previous equations derived in Equations (2.6) 
and (2.10). The general case when there are i items in the inventory can be 
visualized by the realizations below:
Inven to ry  L evel Inven to ry  L evel
T: ______ ^  T ^1
Pi
. - - . ^
1  ^
t
Pi^  i-1
Pi-1
---------- ------------- i
(a) D em an d  C ase
Tj > X
T = x  + x
i i-1
T = X  - Xi-1 i
(b) P erish ing  C ase
T; < X
Figure 2.4: Realization of the Inventory System for the last i items
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The discounted expected profit equation can be derived for the general case as 
done in the previous sections. The discounted expected revenue and the optimal 
discounted expected revenue (discounted) in the previous period is given as:
lo' Pie~"''^9pi{Ti)dx +  ¡o' K*_i{Ti -  x,pl_i)e-''^gp.{ri)dx (2.11)
General formula for the discounted expected cost when the inventory level drops 
to i items with a remaining shelftime of Tj and current price Pi is:
a. {ri,Pi) =  [J 0
Ti 1 _  p-rx 1 _  g-rxi _
ih---------- 9 p,{x)dx +  i{h-----------+ 7Te-'-^ ‘)Gp,(Ti) (2.12)
We have that, /io(ri — x,Po) =  0, that is, when there is no item in the inventory, 
there is no profit. Discounted expected costs are subtracted from the discounted 
expected revenues and the optimal discounted expected profit in the previous 
period (discounted) to obtain the profit equation. Hence, for renewal demand and 
constant lifetime, the general discounted expected profit equation is as follows:
Ki ¡TuPi) = /  Pi^ ^^9pi{3l)dxJ 0 rn
+ /  K'i-i{n-^,P*i-i)e ''''9pi{x)dxJ 0
-  ih---- ----- 9pi{x)dx
I _  p-rn _
-  i{h-------------hTre
where — x,Po) = 0 and Tj < r  for all i =  1, . . . ,  Q.
(2.13)
Rearranging the terms in (2.13), the discounted expected profit can be written 
as in the theorem below:
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Theorem 2.1 Discounted expected profit for renewal demand and constant 
shelflife when the inventory level drops to i items is given by:
Ki{ri,Pi) = [  ’ Pie ’'^dGpfix)JO
+ /  < - 1  in -  Pi- 1 (x)J 0
p n  1 _  p - T X
-  I  ih — ;— dGpfix)r
i{h-—  ----- h 7re~''"'')Gp.(ri)
where — x ,Pq) = 0 and Ti < t for all i = \ , . . .  ^Q.
(2.14)
Theorem 2.1 is given without proof since it is constructed step by step. In 
the following part, expected discounted profits and optimality conditions for our 
model with Poisson demand and constant lifetime will be examined.
2.4 Discounted Expected Profit with Poisson 
Demands and Constant Shelflife
In this section we will modify the discounted expected profit equation derived 
in (2.13) for the case where demand follows Poisson Distribution with a rate that 
depends on the price. Additive linear and exponential demand rates are often 
used by researchers in literature dealing with pricing. Gallego and van Ryzin [17] 
investigated the exponential form for the price dependent demand rate given by 
\{p) =  with constants a and a. Abad [1] and Rajan et. al. [33] studied a 
linear demand function {a—pX{t))/b, where a/b is taken as the demand that would 
be captured with zero price and A(i) is the value drop rate with 0 < p < a/X{t). 
Wee [42] considered a deterministic demand given as a function of the price s 
with d{s) = a — bs, b > 0, s < a/b. Federgruen et. al. [10] discussed a special 
case for demand function combining both the additive and multiplicative models. 
However, their numerical analysis includes only the additive demand model. We
CHAPTER 2. MODEL AND THE ANALYSIS 22
considered a linear additive demand rate that is decreasing in price. Let demand 
rate Xi denote Xi{pi) for convenience. This rate depends only on the current price 
of the items that is set when the inventory level drops to i items. We consider 
Xi = b — api for the additive demand rate and we assume that a > 0, b are 
constants with 0 < pi < b/a.
C orollary 2.1 Discounted expected profit for constant shelfiife and Poisson 
demand with an additive rate Xi = b — api where a > 0, b are constants and 
0 < P i < b/a is given by:
K·in,Pi) =  (b-api) [
Jo
+ Pi:
(b api) ^
‘ {b -  api + r)
+ ihf _  g-(i>-opi+r)Ti^  — (1 —r \ b -  api + r)
— i{h
1 — e' -rTi\„-(b-api)n+ 7re (2.15)
where k5(ti -  x,Po) -  0 and n  < t for all i = 1 , . . . ,  Q.
Proof: The proof is straightforward. Discounted expected revenue in Equa­
tion (2.14) can be written for Poisson demand as follows:
K.i { n , P i )  =  [  ' P i e  ’' ' ' d G p f i x ) + [  ' K * i _ ^ { T i - x , P t i ) e  ^ ^ d G p f i x )Jo JO
- L
n 1 -  e"'·® 1 -  e“’’’·'
ih -dGpJx) -  i{h— —
o r  r
=  [ Pie ^'^dx+ i K*i_jTi - x,p*i_i)e "'"^Xi
Jo Jo
-  F '
-Xixdx
1 - e - ■  ^ 1 _  Q - r n
-AjC ^'^dx — i{h- + 7re-''^‘)e“ '^ ‘^ (2-16)r ' r
Inserting Xi — b — api in Equation (2.16), the discounted expected profit is found 
as in Corollary 2.1. ^
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Equation (2.15) can further be simplified, however, we prefer not to 
simplify the equation, since the last two lines display the discounted expected 
cost of demand and perishing cases respectively and the previous lines give 
the discounted expected revenue and the optimal discounted expected profit 
(discounted) in the previous period.
In the following figure, discounted expected profit versus price is displayed for 
various parameters when the inventory level drops to 1 item.
q
q
q
p"
Figure 2.5: Typical Realizations of the Discounted Expected Profit versus Price 
of 1 item for Poisson Demand with an additive rate and constant shelflife
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We derived the first and second order conditions in closed form for the optimality. 
The first and second order conditions can be seen in appendix. Although we were 
unable to reach any conclusions through these conditions, we observed that the 
discounted expected profit equation displays a concave behaviour in the valid 
price ranges for the first item as displayed in Figure 2.5. In the following section, 
we consider the constant pricing scheme applied to our setting.
2.5 Constant Pricing for Perishables
Various pricing studies in perishable inventory theory include comparison of the 
indicated pricing policy with constant pricing. However, most of these studies 
include only numerical comparisons due to complex nature of the obtained 
mathematical models. The performance of the dynamic and the performance 
of fixed pricing policies show sensitivity on the characteristics of the underlying 
problem studied. Especially, the nature of demand, perishing, remaining lifetime 
and the inventory level play a critical role. Rajan et. al. [33] examined the 
profit difference between the fixed and the dynamic price cases for fixed cycle 
length where deterioration is continuous type. They indicated the difficulty of 
obtaining a general behaviour for the profit difference with respect to parameters 
of the problem in the general case. They reported that the difference between 
profits depend on the extent optimal dynamic prices varies over the cycle. This 
variation depends heavily on the interaction between wastage and value drop. 
Wastage causes dynamic costs and price rises as product ages. Value drop has an 
opposite effect and prices fall. When one factor dominates the other, the optimal 
price trajectory varies.
Gallego and van Ryzin [17] compared the expected revenue using the fixed 
price heuristic and the maximum expected revenue using prices chosen from a 
continuous interval for deterministic demand. In their fixed price heuristic, a 
single price is chosen at the beginning of the time horizon such that if the firm 
has a large number of items to sell, the price which maximizes the revenue rate
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is chosen to sell most of the items. If the items are scarce, the firm can afford 
to price higher and sets the price at the highest level that enables it to sell 
all the items. They reported that their fixed price heuristic is asymptotically 
optimal when the remaining lifetime or inventory is large. However, a large 
remaining lifetime and inventory level smooth out the sales fluctuations over the 
season. Furthermore, the result is obtained only for deterministic demand with 
exponential interdemand times.
Federgruen et. al. [10] compared numerically the fixed pricing strategy where 
the fixed price is chosen to be the price that maximizes the expected single period 
profit with the dynamic pricing policy in a periodic inventory system with linear 
additive demand rate. His numerical study indicates that the dynamic pricing 
policy performs better.
Feng and Xiao [13] also included a numerical study comparing the fixed price 
and the multiple price changes cases. Their numerical study showed that as 
the remaining lifetime gets smaller, the multiple price changes yield significantly 
better results than the single price case.
In case of a single fixed pricing policy, an optimal price is set at the beginning 
of the horizon and it is not changed throughout the season. When demand is 
price sensitive, a constant pricing scheme restricts the profit variation at different 
levels of inventory and dififerent remaining lifetimes. The effects of perishability, 
holding cost and constant demand rate are tried to be balanced by selecting 
an appropriate optimal price that yields the optimal profit for the whole sales 
horizon. When the perishing is negligible and the holding cost is relatively small 
and cost of price changes are high, intuitively, one expects that the constant 
pricing scheme is appropriate. However, when the good is highly perishable and 
the perishing costs are considerably high, applying a constant pricing scheme 
restricts the seller’s ability to change the demand rate and profits obtained.
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In this section, we consider a constant price model utilizing our result given 
in (2.14) and setting Pi = p for all i. The demand is again unit demand, following 
a general distribution with a constant rate that depends on the fixed price p. 
The other assumptions in our dynamic pricing policy still hold for the constant 
pricing scheme. The formula (2.14) for the general equation of the discounted 
expected profit for dynamic pricing model is valid for the constant price with one 
exception, i.e. the price is constant. Hence, discounted expected profit for the 
constant pricing model is written as:
Ki(Ti,p) =  [  ' pe ^^dGp,=p{x)
Jo
+ / -  x,p)e~'''^dGp^=p{x)
J 0
r n  1 —
-  I  ih---- ----- dGp,=p{x)
-  i{h-—  ------l· 7re“'’'^ ‘)G'p;=p(ri) (2.17)
where Ko(ri -  x,p*) =  0 and r* < r  for all i =  1, . . . ,  Q.
It is rather difficult to make a comparison of the dynamic and the single 
price policies based on the mathematical models. However, numerical analysis 
provides a powerful tool for comparing the two policies for particular demand 
functions. We modeled the constant pricing policy for the specific case when 
demand follows Poisson distribution with a price dependent additive demand 
rate and we compared our dynamic pricing policy with it.
Let the demand rate A(p) denote Aj(p) when there are i items left in inventory 
with the fixed price p. This rate depends only on the fixed price of the items 
that is set initially. We consider X{p) = b — ap for the additive demand rate 
and we assume that a > 0, b are constants with 0 < p < b/a to preserve 
the nonnegativity of demand rate. Inserting the constant price p into the 
Equation (2.15) automatically yields the equation for the discounted expected
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Ki
profit below:
iiR^p) = { b - a p ) f  
Jo
+ p-  ^~ (1 -
b — ap + r 
ih. b — ap+ --- 2 :^ (1  _  ^-(b-ap+r)n\ _  (1 _  e-(6-ap)n-vi
r 0 — ap + r 
1 —-  i{h-----------^T,e-^n^^e-^b-ap)n^ i = l , . . , Q (2.18)
where k,q{t\ — a;) = 0 and < r.
Starting with i =  1, the discounted expected profit equation can be written 
recursively for all i and Tj. Namely, the closed form Equation (2.18) can be written 
explicitly through recursive equations and summations. The explicit formula for 
the discounted expected profit of the constant price model is given in the following 
theorem:
T heorem  2.2 Discounted expected profit for constant shelflife and Poisson 
demand with an additive rate X{p) =  b — ap where o > 0, 6 are constants and 
0 < p < b/a is a fixed price is given by:
i^firup) =
k=l
kh_  ^  __j i-k
k=l '
+ E ( i -  0!-)'-‘[-(P + % + ~ -  > = ^ ¡ 7 ^
k=i ^ ^ ~ ^)·
+  e-<— )-  E  E  +  (, -  +  ( i -  kf-]i
where 7  =  for alli = l , . . . ,Q  and n < r .
(2.19)
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The above formula can be derived by writing Equation (2.18) starting with 
one item up to i items and observing the recursive structure. We also included a 
proof based on inductive argument in the appendix. The models for dynamic and 
constant pricing schemes with Poisson demand are compared with an extensive 
numerical study which will be discussed in detail in Chapter 3.
In the following parts, we present an extension for our pricing model. The 
extension is a direct derivation of the our renewal demand, constant shelflife 
model for the case of Weibull demand.
2.6 Discounted Expected Profit w ith Weibull 
Interdemand Times and Constant Shelfiife
This case includes a more general interdemand distribution (Weibull) then the 
previous case of Poisson demand rates. Lifetime of the items is still considered 
as constant and the additive demand rate of A* = ¿» -  api, is used where a > 0 
a > 0, b are constants and 0 < Pi < b/a for i = 1 ,.. .  ,Q.
The Weibull distribution has the following probability density function:
<7p.(a;) =  X i P i K x f  e
0 - 1
(2.20)
where Aj > 0 is the scale parameter (additive demand rate), and /? > 0 is the 
shape parameter.The probability that no demand occurs up to time x, where X 
is the random variable for interdemand time, is given by the below formula:
Gp^{x) = l - P { X < x )  = l - [  gpi{x)dx
J 0
(2.21)
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For constant lifetime and renewal demand, the discounted expected profit 
formula was derived in Equation (2.14) as:
K.in ,P i) = f  Pie '’®dGp,.(a;)
J 0
+  /  I^i-iin-x,P*i-i)e~''^dGp,{x)
J 0
-  f iJo ih---------- dGp,{x)
-  i{h^— ^  + 7Te-^^^)Gp,{n)
where Ko{n — x) — 0 and Tj < r  for alH = 1, . . . ,  Q.
Inserting the probability density function for Weibull distribution and the 
probability function into the above equation yields the discounted expected profit 
formula for the Weibull demand and constant lifetime case as:
Jo
Jo
p 7*,· 1   ¿3
-  [  ih ---------- (api + dx
Jo r
D-^ Ti
-  ---- +ire-^^^)e'i\p-{{a'Pi+b)n)>^ (2 .22)
where kq{ti -  x ) = 0 and r* < r  for alH = 1, . . . ,  Q.
Due to time limitations, numerical study could not be performed for this case. 
However, the first and second order conditions are also derived and enclosed in the 
appendix. In the following section, we present the numerical study performed.
Chapter 3
NUMERICAL ANALYSIS
In this section, we present the details of the computational study, the setups 
and the results of the extensive numerical study performed for the pricing policy 
described. We performed an extensive numerical study for both dynamic and 
constant pricing policies with Poisson demand and constant shelflife. In the 
following section, we explain the details of the approximation used in computing 
the integral values for dynamic pricing policy.
3.1 Approximations for Derivations
For the constant lifetime, Poisson demand and additive demand rate of A = 
b — api, where a > 0, b are constants and 0 < Pi < b/a, the discounted expected 
profit equation is given below:
Ki ( T i , P i )  =  ( b - a p i )  f  - x , p * _ i ) e
J 0
+ {Pi H— )
ih , (b -ap ,)
_  _ n  —
1 —
-  i{h-----------+
r {b -  api + r)
where Kq{ti — x ,Pq) = 0 and Tj < r.
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The integral term includes the previous stage’s optimal discounted expected 
profit, which depends on the interdemand time X  and the remaining lifetime for 
the current item. Since X is a random variable, the integral is approximated 
by dividing the range of the remaining lifetime of the current item into small 
intervals and using a Riemann Sum approach. The approach used is explained 
below:
Suppose we wish to approximate the following integral:
fB
/ f i n  -  x)g(x)dx
J A
with /  and g functions of x. If A r is a nice (small enough) interval width, dividing 
the interval [A, B] into n intervals of equal length A t , i.e.
B - A
n =
A r ’
we can approximate the integral by:
/  f i n  -  x)gix)dx =  E  A fi'^i -  ^)9ix)dx
JA j=i JA+{j-l)Ar
^ pA+jAr  1 r
-  E  /  o  -  ( ^  +  j^'T))giA +  i A t )
+ f i n  -  ( ^  +  if -  i)^T))g{A +  {j -  l ) A r ) ] d T
=  ^E [ f i n - i ^  + j^ 'r))g iA  + jAT)
' J = 1
T pA-i-jAr
+fin -iA + ij -  l)Ar))giA +  ij -  1) A t ) /
JA+(j-l)AT
dx
-\-{j-l) i
= ^  E  [f i n -  (^  + iA r))i/(^  + iA r)
 ^ j=i
+ /(r j  -{A -\-  {j -  l)Ar))giA  + ij -  l)A r)]
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For our case, the approximation is made similarly:
{b -  api) r  KUi n  -
J 0
3=1
+ < _ i(ri ~{A + {j -  (3.1)
Based on the approximation presented in Equation 3.1, we used a numerical 
search method, namely, the “golden section search” to find the optimal value of 
the optimal dynamic price and the corresponding discounted expected profit in 
the acceptable price range. Golden section search is an efficient search method 
and related information is presented in appendix. The acceptable price range is 
defined to be the range in which the demand rate is nonnegative.
In the following parts, we present the numerical results on the sensitivity 
analysis of the optimal policy parameters with respect to the parameters of the 
problem for both dynamic and constant pricing policies.
For dynamic pricing policy, the aim of the computational study is to present 
the effects of problem parameters corresponding to fixed shelfiife, demand rate, 
perishing cost and discount rate selected on the optimal pricing policy measures 
such as optimal prices set at each inventory level with different remaining lifetimes 
and corresponding optimal discounted expected profit. We also examine the 
initial optimal stocking levels for a given inventory level with a known remaining 
lifetime.
For constant pricing policy, we present the optimal single price to be set for a 
given inventory level with a known remaining lifetime and present the relations
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between the optimal policy parameters and the other parameters of the system. 
Finally, we compare the performances of dynamic and constant pricing policies.
3.2 Sensitivity Analysis - Dynamic Pricing Pol­
icy
In this section we will explain the experimental setup for our numerical study for 
our dynamic pricing policy in case of Poisson demands with an additive rate and 
constant shelflife.
In the analysis, per unit holding cost per unit time is fixed at h =  1 and 
the fixed lifetime is assumed r  =  10. The increments are taken as 0.1 that let 
us divide the lifetime into 100 intervals, which enabled us to get more accurate 
results for the integral approximations. The relevant performance measures are 
displayed at diflferent selected remaining lifetimes of = 0.5, 2.5,5.0,7.5 and 10 
for illustrative purposes. The other test parameters are displayed in the following 
table:
Parameter Symbol Values Tested
Unit Perishing Cost 7T 5,10,20
Slope of Demand Rate a 0.01,0.05,0.10
Intercept of Demand Rate b ^3,4
Discount Rate r 0.01,0.1
Table 3.1: Experimental Setup
The experimental setup defined in the above table is used to display several 
results. In the first of these, the values of the optimal price, pt and the optimal 
discounted expected profit, are displayed at the selected remaining
lifetimes for their respective values of optimal stocking quantity, Q*. We also 
display the optimal values of the price and the discounted expected profit for 1, 5, 
10 and 20 items at the selected remaining lifetime values. Invaluable information
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can be deducted from the results tabulated and the graphs enclosed.
/ i= l , r=0.1 7T=5 7T=10 7t=20
b 1 T 1 Q’ 1 P* 1 «· 1 Q· 1 ^ K* 1 Q' 1 p· 1 «·
0.5 3 147.84 96.90 2 150.45 89.90 2 146.09 77.50
2.5 7 147.82 470.13 7 145.93 457.28 6 145.54 438.26
0.01 5.0 11 147.48 840.17 11 146.12 829.02 10 146.35 809.68
7.5 15 146.34 1123.95 15 145.33 1114.49 14 145.59 1098.20
10.0 19 145.04 1339.50 18 145.84 1331.86 18 144.50 1319.06
0.5 2 28.68 13.63 1 31.46 10.69 1 28.35 6.21
2.5 5 29.40 79.59 5 27.99 73.53 4 28.09 66.16
3 0.05 5.0 9 28.70 141.67 8 29.06 137.26 7 29.50 130.15
7.5 11 29.61 185.35 11 29.12 182.20 10 29.59 177.03
10.0 14 29.12 214.59 14 28.81 212.36 13 29.23 209.31
0.5 1 15.68 5.17 1 14.12 2.93 1 11.24 -1.07
2.5 4 14.77 33.97 4 13.74 30.51 3 14.17 26.38
0.10 5.0 7 14.69 60.08 7 14.15 57.48 6 14.54 54.25
7.5 9 14.93 76.16 9 14.67 74.77 9 14.30 72.59
10.0 11 14.76 85.24 11 14.63 84.48 11 14.44 83.29
0.5 3 198.82 181.06 3 196.51 171.43 2 202.40 154.68
2.5 9 194.63 859.31 9 192.73 843.67 8 192.24 818.66
0.01 5.0 15 190.61 1541.34 15 189.16 1526.25 14 188.78 1501.17
7.5 21 186.43 2072.38 20 186.94 2059.96 19 187.18 2038.07
10.0 26 183.90 2484.05 25 184.59 2473.96 25 183.05 2456.00
0.5 2 39.97 29.26 2 37.96 24.00 1 42.39 17.55
2.5 7 38.59 152.82 6 39.03 144.89 6 36.69 133.73
4 0.05 5.0 12 37.93 272.59 11 38.30 265.95 10 38.64 255.86
7.5 16 37.81 359.30 16 37.23 354.45 15 37.46 347.25
10.0 20 37.36 420.15 20 37.00 416.90 19 37.33 412.02
0.5 2 18.92 11.63 1 21.15 8.62 1 18.54 5.15
2.5 6 19.15 68.31 5 19.54 63.28 5 17.96 56.97
0.10 5.0 10 19.27 120.49 10 18.68 116.75 9 18.94 111.79
7.5 14 18.85 154.85 13 19.24 152.51 13 18.81 149.29
10.0 17 18.78 175.77 16 19.15 174.51 16 18.94 172.72
Table 3.2: Sensitivity for Dynamic Pricing Results w.r.t. tt, a, b, t , r = 0.1 and 
Optimal Starting Quantity
Table 3.2 presents the results for optimal starting quantities, corresponding 
optimal starting prices and optimal discounted expected profits for the 
experimental setup with a discount rate of r =  0.1. For a smaller discount 
rate r =  0.01, a similar tableau is presented in Table A.l in appendix. The 
optimal starting quantities are obtained by the inventory levels corresponding 
to the maximum values of discounted expected profit at each remaining lifetime. 
The optimal starting quantity at a given remaining lifetime is nonincreasing in the 
slope of the demand rate a when everything else is fixed. Particularly, when the
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demand rate decreases, the optimal starting quantity decreases if the remaining 
lifetime is long enough to realize a demand. This result is similar for the intercept 
of the demand rate, b. Also, Q* is non-decreasing in the remaining shelflife. This 
result is also visible from the graphs obtained from plotting the optimal starting 
quantity versus remaining lifetime. The results can be seen in Figure 3.1 for 
r =  0.1 and Figure 3.2 for r =  0.01.
F igure 3.1: Optimal Starting Quantity versus Remaining Lifetime for r =  0.10
Figure 3.2: Optimal Starting Quantity versus Remaining Lifetime for r =  0.01
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The figures above look like a step function because of the integer number of 
optimal starting quantities. When comparing Figures 3.1 and 3.2, we see that 
although the discount rate is reduced to 10% of its initial value, there is not 
much difference in the optimal starting quantities for fixed values of the other 
parameters of the problem. However, we observed that as the discount rate 
decreases, the optimal starting quantity is nondecreasing. As the unit perishing 
cost increases, the optimal starting quantity for a given remaining shelfiife is 
again nonincreasing.
We also present the results of Table 3.2 for the optimal starting dynamic 
price and corresponding discounted expected profit for different levels of starting 
quantities at various lifetimes.
F igure 3.3: Optimal Starting Price and Discounted Expected Profit versus 
Remaining Lifetime for a -  0.01, 6 =  3, tt =  5, r  =  0.10
Figure 3.3 presents the optimal starting price and the discounted expected 
profit at different starting quantities for a discount rate of r =  0.1. For a given 
remaining lifetime, a higher optimal initial starting price is set when the system 
starts operating with lower inventory. This result holds if the remaining shelflife
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is long enough to realize demands. However, for very small remaining shelflifes, 
we observed that the initial optimal price to be set does not vary with the number 
of the starting items. This is particularly due to the lack of time to realize even 
one or a few demands. Correspondingly, the optimal discounted expected profit 
gets larger for longer remaining shelflifes with more starting quantities. However, 
the optimal discounted expected profit shows diff’erences as the remaining shelflife 
gets smaller due to the same reasoning.
We observed that a change in the slope of the demand rate a changes the 
optimal starting dynamic prices and the corresponding discounted expected 
profits obtained. This result can be seen in Figure 3.4 in which a is changed 
from 0.01 to 0.10.
F igure 3.4: Optimal Starting Price and Discounted Expected Profit versus 
Remaining Lifetime for o =  0.10, 6 =  3, tt =  5, r  =  0.10
Figure 3.3 and 3.4 displays the importance of demand rate. When the 
slope of the demand rate a is increased, i.e. the demand rate is smaller, the 
optimal starting prices and corresponding discounted expected profits decrease 
considerably. Moreover, although the remaining lifetime is long, we observe that
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starting with lower items in inventory may yield more profits compared to the 
case starting with higher inventory levels as expected.
Another interesting result is obtained from observing the behaviour of the 
optimal starting price curve when there are many starting items in the inventory. 
The optimal starting price curve for many starting items makes a bending and 
decrease after some time passes and begins to rise again as the time-to-go gets 
smaller. This result is affected by the relationship between the interdemand time, 
number of items on hand and the remaining shelflife. When there are a lot of 
starting items in inventory and when there is time to perish, the dynamic price is 
set at its optimal value. However, if the remaining lifetime is shorter, the initial 
price is lowered in order to be able to create a higher demand and to be able 
to sell the items in the remaining lifetime. If the remaining lifetime is not long 
enough to be able to sell the items, the dynamic pricing policy adjusts itself so 
that the price is increased to be able to sell the amount which can be sold at 
that price during the remaining shelflife. So dynamic pricing policy adjusts the 
price according to the tradeoff between increasing the demand and being able to 
sell most of the items during the remaining shelflife and the case in which the 
price is increased to be able to sell at least some of the items which can be sold 
during the remaining lifetime. Moreover, the dynamic price is selected where the 
demand rate is nonnegative. The tradeoff is resolved by the maximum discounted 
expected profits obtained.
When compared to a change in the slope, a change in the intercept of 
the demand rate make a less effect on the starting optimal prices and the 
corresponding discounted expected profits. This result can also be seen when 
Figures 3.3 and 3.5 are compared.
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Figure 3.5: Optimal Starting Price and Discounted Expected Profit versus 
Remaining Lifetime for a - 0.01, i> = 4, tt =  5, r =  0.10
Figure 3.6: Optimal Starting Price and Discounted Expected Profit versus 
Remaining Lifetime for a = 0.01, 6 = 4, tt =  20, r =  0.10
The unit perishing cost further affects the optimal starting price decision 
especially when the remaining shelflife is small. When the unit perishing cost is 
low, as the time-to-perish gets closer, the starting price is higher compared to 
the case with higher perishing costs for a fixed number of items on hand. In this 
situation, the dynamic pricing policy deals with the high cost of perishing as well.
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This situation is also observed by comparing the Figures 3.5 and 3.6.
We also present the sensitivity results obtained for the optimal dynamic price 
and discounted expected profit in tabular form for i — 1,5,10 and 20 items. 
Tables 3.3 and 3.4 show the results of the numerical study obtained for a discount 
rate of r = 0.1. Similar results for a discount rate of r  =  0.01 are displayed in 
Tables A.2 and A.3 in the appendix.
As seen from Tables 3.3 and 3.4, there are negative discounted expected profit 
values when the remaining shelflives are small and number of items on hand 
are large. This may be explained by the observation that the price with lower 
perishing cost is higher than the price with higher perishing cost. Namely, when 
the perishing cost is high, the seller can not afford increasing the price as much 
since this results in a longer interdemand time. Since the remaining lifetime is 
not long enough to observe the demand level to clear the inventory, most of the 
remaining items perish. Effects of low price, the requirement to keep the demand 
rate nonnegative and perishability result in negative profit values.
From these tables, we also observe the sensitivity of the optimal policy 
parameters to other model. The optimal dynamic price and the corresponding 
profit levels heavily depend on the demand rate parameters. For a given 
remaining lifetime and unit perishing cost of i items in inventory, the optimal 
dynamic price is decreasing in a and it is increasing in b. An increase in a 
and a decrease in b have the same meaning, i.e. a decrease in the demand rate 
although not in the same magnitude. Hence, a decrease (increase) in the demand 
rate decreases (increases) the optimal dynamic price and the corresponding profit 
considerably.
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Table 3.3: Sensitivity for Dynamic Pricing Results w.r.t. tt, a, 6, r, r =  0.1 for 1 and 5 items
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135.31
171.02
7T=10
144.78
143.67
142.26
141.43
143.07
25.51
25.14
24.66
24.49
25.30
10.75
10.43
10.03
10.04 
10.86
193.95
190.20
185.64
186.94
197.62
35.67
34.58
33.29
34.09
37.00
16.04
15.24 
14.33
15.24 
17.12
K
-82.57
334.31
754.04
1082.59
1328.62
-170.38
-64.94
41.80
125.30
185.04
-180.96
-112.87
-43.33
10.58
46.14
6.10
741.81
1489.94
2059.96
2420.04
-151.00
24.74
204.93
339.01
416.90
-170.31
-63.09
48.11
127.28
168.58
7T=20
P
140.46 
139.85 
139.11 
138.95
141.47
21.56
21.56 
21.61 
22.22 
24.09
7.27
7.14
7.08
8.16
10.07
189.98
186.53
182.42
184.86
196.74
32.12
31.14
30.17
32.41
36.39
12.98
12.06
11.43
14.01
16.73
-265.58
208.48
679.92
1043.54
1310.69
-352.34
-186.20
-24.68
94.55
172.74
-361.79
-228.90
-100.58
-11.63
38.34
-174.83
625.20
1431.43
2036.89
2412.00
-331.05
-87.66
153.95
321.62
411.29
-349.45
-170.64
5.89
114.94
164.84
Table 3.4: Sensitivity for Dynamic Pricing Results w.r.t. tt, a, b , r , r  = 0.1 for 10 and 20 items
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The optimal dynamic price and the corresponding discounted expected profit 
decrease as the unit perishing cost increases for a given level of items with 
known remaining lifetime as expected. However, the relative decrease in prices 
and the corresponding profits is more noticeable when the remaining shelfiife is 
short. When the remaining shelfiife is short, the possibility of demand arrival 
gets smaller. Thus, the price is lowered to increase the demand and maximize 
the profit when the perishing costs get larger. On the other hand, when the 
remaining shelfiife is long enough, the seller has opportunity to sell the items 
with a higher price compared to the case with the same number of items with a 
smaller remaining shelfiife when the perishing cost gets larger.
A few realizations are displayed in the following figures to present the optimal 
trajectories for dynamic price and the corresponding discounted expected profit.
F igure 3.7: Optimal Price Trajectories for a =  0.01, 6 = 3, tt =  5 for different 
realizations
The trajectories are displayed for three different demand patterns. The 
first trajectory is displayed for dense demands at the beginning of the sales 
horizon, whereas in the second trajectory, there are more frequent demand arrivals
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throughout the middle portion of the sales horizon and in the last one, the 
demands are more frequent towards the end of the sales horizon.
F igure 3.8: Optimal Discounted Expected Profit Trajectories for a =  0.01, 
=  3, 7T = 5 for different realizations
When the sales are frequent, the optimal dynamic price continues rising. The 
rate of increase is larger in the first trajectory since the frequent sales occur 
when the items are fresh and there is plenty of time to perishing. As the sales 
calm down, the price still increases, yet with a slower rate. In the case where 
the frequent sales occur throughout the middle of the shelflife, again the prices 
keep growing but decrease as the time-to-perish gets closer. When the frequent 
sales occur towards the end of the shelflife, the initial prices keep decreasing until 
frequent sales occur. As the frequency of demand arrivals increases, the prices 
increase.
On the other hand, the corresponding discounted expected profits decrease as 
the time-to-perish gets closer. Moreover, both the dynamic price and the fixed 
price, thus the corresponding discounted expected profits are close to each other 
at the beginning of the horizon as expected. In general, the profits obtained
CHAPTER 3. NUMERICAL ANALYSIS 45
when the frequent sales occur at the beginning of the sales horizon are larger 
than or equal to the profits obtained in the other cases during the initial period 
in which the frequent sales occur. Of course, this also depends on the selection 
of the trajectory points, namely the inventory level and the remaining shelflife. 
However, in these trajectories, we observed that the profits obtained for the first 
trajectory are lower than the other cases as the remaining shelflife gets closer. 
This is certainly due to frequent sales that occur in the second and the third 
cases and slower demands in the first case in the remaining lifetime.
The profit curves show larger variance in case the demand rate is high and in 
the case when the perishing cost is high. This result is observed comparing 
Figures 3.8 and 3.10 when the intercept of demand rate b is increased and 
comparing Figures 3.10 and 3.14 when the slope of the demand rate is increased 
and comparing Figures 3.10 and 3.12 when unit perishing cost is increased.
Figure 3.9: Optimal Price Trajectories for a =  0.01, 6 =  4, tt =  5 for different
realizations
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Figure 3.10: Optimal Discounted Expected Profit Trajectories for a =  0.01, 
¿) =  4 , 7Г = 5 for different realizations
Figure 3.11: Optimal Price Trajectories for a =  0.01, b = 4, tt — 20 for different
realizations
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Figure 3.12: Optimal Discounted Expected Profit Trajectories for a = 0.01, 
6 =  4 , 7T = 20 for different realizations
Figure 3.13: Optimal Price Trajectories for a = 0.05, 6 =  4, tt =  5 for different
realizations
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Figure 3.14: Optimal Discounted Expected Profit Trajectories for a = 0.05, 
4, 7T = 5 for different realizations
In the following section, we present the results of the numerical study for 
constant pricing policy.
3.3 Sensitivity Analysis - Constant Pricing Pol­
icy
In this numerical analysis, the same experimental setup is used as in the case 
of dynamic pricing policy. Namely, per unit holding cost per unit time is fixed 
at h =  1 and the fixed lifetime is assumed r  =  10. We present similar figures 
and tables for the constant price policy. In the following table, the values of the 
optimal fixed price, p* and the optimal discounted expected profit, K*(pi,Ti) are 
displayed at the selected remaining lifetimes for their respective values of optimal 
stocking quantity, Q* when the discount rate r is 0.1.
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h = l, r=Q.l
0.01
0.05
0.10
0.01
0.05
0.10
0.5
2.5 
5.0
7.5 
10.0
0.5
2.5 
5.0
7.5 
10.0
0.5
2.5 
5.0
7.5 
10.0
0.5
2.5 
5.0
7.5 
10.0
0.5
2.5 
5.0
7.5 
10.0
0.5
2.5 
5.0
7.5 
10.0
7T=5
Q*
3
7
12
16
19
2
5
9
11
14
1
4
7
9
11
3
9
15
21
26
2
7
12
16
20
2
6
10
13
16
149.70
152.06
151.16
151.72
153.64
29.46
31.15
30.88
32.42
32.35
15.68
15.87
16.12
16.70
16.89
203.21
202.37
202.67
201.89
202.55
41.34
41.04
41.36
42.14
42.43
19.68
20.67
21.33
22.09
22.37
96.48
466.08
829.81
1105.91
1314.08
13.56
78.41
138.66
180.31
207.79
5.17
33.27
58.23
73.36
81.59
179.80
845.83
1504.48
2007.04
2388.47
29.06
149.75
264.37
345.49
400.91
11.52
66.56
116.01
147.63
166.51
7T=10
Q*
2
7
11
15
19
1
5
8
11
13
1
4
7
9
10
3
9
15
20
25
2
6
11
15
19
1
5
9
13
16
153.97
150.21
152.37
152.84
152.67
31.46
29.82
31.31
31.78
32.84
14.12
14.87
15.47
16.30
17.24
201.00
200.49
201.13
202.85
203.55
39.47
41.76
41.76 
42.56 
42.81
21.15
21.07 
21.61 
21.64
22.07
89.56
453.09
817.86
1095.81
1305.62
10.69
72.12
133.65
176.58
205.15
2.93
29.61
55.21
71.58
80.65
170.13
829.91
1488.74
1993.95
2377.96
23.78
141.46
256.98
339.67
397.06
8.62
61.34
111.56
144.87
164.85
7t=20
Q*
2
6
10
14
18
1
4
7
10
13
1
3
6
8
10
2
8
14
19
24
1
6
10
15
18
1
5
9
12
15
149.83
151.56
153.62
153.76
153.34
28.35
30.14
31.60
32.02
32.09
11.24
15.19
15.60
16.51
16.86
209.05
201.56
201.49
203.46
204.17
42.39
39.50
41.90
41.37
42.98
18.54
19.44
20.57
21.73
22.21
K,
77.13
433.21
796.77
1077.42
1290.95
6.21
64.39
125.74
170.46
201.08
-1.07
25.46
51.58
68.97
79.29
153.73
804.06
1462.07
1970.25
2358.41
17.55
129.45
245.56
330.67
390.44
5.15
54.30
105.56
140.49
162.27
Table 3.5: Sensitivity for Constant Pricing Results w.r.t. tt, a, b, r, r = 0.1 and 
Optimal Starting Quantity
For r  =  0.01 a similar table is presented in Table A.4 in appendix. As the 
demand rate decreases, the optimal starting quantity decreases if the remaining 
lifetime is long enough to realize a demand. When the remaining shelflife is small, 
the optimal starting quantity is nonincreasing in the demand rate.
Figures 3.15 and 3.16 display the optimal starting quantities for diflFerent 
parameter values. When the perishing cost increases, the optimal starting 
quantity for a given remaining shelflife is nonincreasing. We also observed that, 
as in the case of dynamic pricing case, the discount rate does not effect the
CHAPTER 3. NUMERICAL ANALYSIS 50
optimal starting quantity in considerable amounts for fixed values of the other 
parameters of the problem. The following figures present the optimal starting 
price and the discounted expected profit for different levels of starting quantities 
at various shelfiifes.
7 8 9 10
Figure 3.15: Optimal Starting Quantity versus Remaining Lifetime for r — 0.10
Figure 3.16: Optimal Starting Quantity versus Remaining Lifetime for r =  0.01
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Figure 3.17: Optimal Starting Price and Discounted Expected Profit versus 
Remaining Lifetime for a -- 0.01, b = 3, n — 5, r = 0.10
Figure 3.17 above is very similar to the figure obtained for the dynamic pricing 
policy with the same parameters. In fact, when there is a single item left in 
stock, both policies behave in exactly the same way as expected. As the number 
of items on hand increases, they start to differ. We will compare and discuss the 
two policies in the following section. Therefore, instead of interpreting the results 
obtained for the fixed price case in terms of the optimal initial parameters, results 
are displayed for some samples from the experimental setup that are similar to 
the dynamic price case.
We also present the sensitivity results obtained for the fixed price and 
discounted expected profit in tabular form for z =  1,5,10 and 20 items as done 
for the case of dynamic pricing. Tables 3.6 and 3.7 display the results of the 
numerical study for r = 0 .1 . For r = 0 .0 1 , similar results are presented in 
Tables A . 5  and A. 6  in the appendix.
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Figure 3.18: Optimal Starting Price and Discounted Expected Profit versus 
Remaining Lifetime for a =  0.10, 5 =  3, tt = 5, r =  0.10
Figure 3.19: Optimal Starting Price and Discounted Expected Profit versus
Remaining Lifetime for a = 0.01, 6 =  4, tt =  2 0 , r =  0.10
h = l
r=0.1
0.01
0.05
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0.01
0.05
0.10
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5.0
7.5 
10.0
0.5
2.5 
5.0
7.5 
10.0
0.5
2.5 
5.0
7.5 
10.0
0.5
2.5 
5.0
7.5 
10.0
0.5
2.5 
5.0
7.5 
10.0
0.5
2.5 
5.0
7.5 
10.0
1 Item
7T=5
172.52
220.64
240.58
248.37
251.60
33.09 
43.44 
47.56
49.10 
49.70
15.68
21.32
23.45
24.21
24.48
239.61
307.98
332.20
340.77
343.87
46.65 
61.04 
65.97
67.65 
68.22
22.55
30.18
32.70
33.51
33.77
76.65
173.43
197.97
204.37
206.19
13.07
33.49
38.38
39.58
39.90
5.17
16.03
18.47
19.02
19.16
126.86
254.82
282.22
288.46
289.96
23.43
49.95
55.37
56.54
56.80
10.54
24.36
27.04
27.58
27.69
7T=10
P
170.84
220.10
240.36
248.28
251.56
31.46
42.95
47.37
49.02
49.67
14.12
20.87
23.28
24.14
24.46
238.10
307.57
332.05
340.71
343.85
45.19 
60.65 
65.83 
67.59
68.20
21.15
29.83
32.57
33.47
33.76
74.14
172.90
197.82
204.32
206.17
10.69
33.01
38.25
39.54
39.89
2.93
15.61
18.36
18.99
19.15
124.74
254.43 
282.12
288.43 
289.96
21.40
49.59
55.28
56.52
56.80
8.62
24.04
26.97
27.56
27.69
7t=20
167.51
219.04
239.94
248.09
251.49
28.35
42.04
47.01
48.87
49.61
11.24
20.10
22.99
24.02
24.42
235.12
306.75
331.75 
340.59 
343.81
42.39
59.93
65.56
67.49
68.17
18.54
29.20
32.35
33.39
33.74
69.20
171.85
197.51
204.22
206.15
6.21
32.14
38.00
39.47
39.87
-1.07
14.89
18.16
18.94
19.13
120.54
253.67
281.92
288.38
289.94
17.55
48.93
55.11
56.48
56.79
5.15
23.48
26.83
27.53
27.68
5 Items
7T=5
147.51
163.26
191.76
208.58
217.59
27.46
31.15
37.35
40.82
42.57
12.45
14.69
18.09
19.87
20.71
197.75
233.28
275.25 
295.74
305.25
37.52
45.45
54.25
58.38
60.19
17.49
22.01
26.65
28.72
29.57
87.27
448.90
657.13
731.86
758.25
-0.37
78.41
121.34
135.79
140.51
-11.18
32.48
54.67
61.58
63.63
173.75
757.38
1020.40
1099.18
1122.27
17.92
142.12
195.31
210.39
214.48
-1.42
65.47
92.37
99.49
101.24
7T=10
P*
145.08
161.83
191.15
208.30
217.45
25.03
29.82
36.82 
40.57 
42.47
10.03
13.48
17.63 
19.67
20.63
195.33
232.17 
274.84 
295.55
305.18
35.11
44.42
53.88
58.22
60.14
15.09
21.07
26.32
28.59
29.53
67.15
441.90
654.99
731.11
758.00
-20.14
72.12
119.52
135.20
140.33
-30.50
26.94
53.16
61.12
63.50
154.80
752.32
1019.03
1098.76
1122.16
-0.67
137.51
194.11
210.04
214.39
-19.57
61.34
91.35 
99.22
101.19
7t=20
P
140.21
159.00
189.97
207.73
217.19
20.18
27.39
35.86
40.13
42.27
5.21
11.45
16.87
19.33
20.49
190.50
229.98
274.02
295.19
305.04
30.30
42.51
53.19
57.92
60.02
10.34
19.44 
25.75
28.35
29.44
27.07
428.22
650.82
729.64
757.51
-58.81
60.77
116.23
134.09
139.98
-67.43
17.74
50.62
60.31
63.27
117.08
742.39
1016.34
1097.93
1121.94
-37.00
129.07
191.90
209.39
214.23
-54.19
54.30
89.56
98.72
101.07
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Table 3.6: Sensitivity for Constant Pricing Results w.r.t. tt, a, b, r, r = 0.1 for 1 and 5  items
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7T=5
P*
147.44 
147.56
157.44 
174.41 
187.69
27.44
27.32
29.78
33.57
36.34
12.44
12.31
13.90
16.03
17.46
197.44
199.78
227.33
254.32
271.07
37.44
37.91
44.17
49.84
53.20
17.44
17.71
21.33
24.31
25.97
61.08
455.04
824.23
1031.12
1128.23
-26.58
57.80
136.78
178.67
197.05
-37.40
8.89
51.78
72.91
81.43
147.67
844.86
1420.33
1675.10
1773.69
-8.26
140.38
260.41
310.74
329.02
-27.61
53.00
116.01
140.70
148.98
7T=10
P
145.00
145.40
156.15
173.76
187.35
25.00 
25.19 
28.63
33.01 
36.06
10.00
10.24 
12.90 
15.56
17.24
195.00
197.76
226.43
253.91
270.88
35.00
35.97
43.36
49.48
53.03
15.00 
15.87 
20.62
24.00 
25.84
17.17
431.04
814.92
1027.52
1126.81
-70.13
35.26
128.76
175.73
195.96
-80.49
- 11.86
45.06
70.61
80.65
104.96
825.42
1414.32
1673.04
1772.99
-50.62
122.26
255.14
309.01
328.48
-69.52
36.42
111.50
139.30
148.58
7t=20
140.12
141.09
153.62
172.48
186.68
20.12
21.04
26.57
32.02
35.55
5.12
6.39
11.28
14.81
16.86
190.12
193.77
224.67
253.10
270.49
30.12
32.26
41.90
48.82
52.72
10.12
12.56
19.43
23.48
25.61
-70.46
383.65
796.77
1020.49
1124.03
-156.35
-6.80
114.49
170.46
193.98
-164.94
-47.77
34.19
66.76
79.29
19.70
787.10
1402.55
1668.98
1771.62
-134.46
88.61
245.56
305.81
327.46
-151.59
7.84
103.90
136.86
147.86
20 Items
7T=5
P
147.44
147.20
146.93
147.36
151.71
27.44
27.20 
26.93 
26.97
28.21
12.44
12.20
11.93
12.00
12.91
197.44
197.20
197.23
204.07
219.78
37.44
37.20
37.04
38.84
42.43
17.44
17.20
17.04
18.28
20.32
8.64
394.33
782.60
1086.48
1313.13
-79.02
-3.14
75.84
139.60
186.69
-89.84
-52.04
-10.83
23.60
48.19
95.24
787.62
1482.85
2006.80
2337.05
-60.70
80.48
225.48
335.00
400.91
-80.05
-7.14
69.92
127.73
160.33
7T=lO
145.00
145.00
145.01 
145.77 
150.65
25.00
25.00
25.01 
25.48 
27.31
10.00
10.00
10.03
10.66
12.18
195.00
195.00 
195.33 
202.85 
219.14
35.00
35.00 
35.18 
37.76 
41.88
15.00
15.00 
15.26 
17.35 
19.87
-82.83
331.43
745.30
1066.39
1303.35
-170.13
-64.52
40.99
122.18
178.83
-180.49
-111.52
-42.65
9.18
42.19
4.96
729.59
1453.07
1993.95
2331.79
-150.62
23.96
198.07
323.99
396.62
-169.52
-61.75
45.37
118.61
156.98
7t=20
140.12
140.60 
141.16
142.61 
148.57
20.12
20.60
21.18
22.69
25.72
5.12
5.60
6.33
8.46
11.02
190.12
190.60
191.56
200.45
217.88
30.12
30.60
31.58
35.80
40.90
10.12
10.60
12.03
15.84
19.13
-265.59
206.28
671.58
1027.04
1284.30
-351.47
-184.06
-24.36
91.00
164.93
-360.07
-224.06
-97.76
-13.98
32.51
-175.42
614.17
1394.38
1968.82
2321.48
-329.58
-85.85
147.37
304.17
388.81
-346.71
-164.55
3.72
103.56
151.28
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Table 3.7: Sensitivity for Constant Pricing Results w.r.t. tt, a, b , r , r  = 0.1 for 10 and 2 0  items
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3.4 Comparison of Dynamic and Constant Pric­
ing Policies
In this section we compare the performances of our dynamic pricing policy with 
the fixed pricing policy for constant lifetime and Poisson demands with additive 
demand rate. The comparison is based on the numerical study performed with 
the same experimental setup.
When the starting inventory is 1 unit, the performances of the two policies are 
exactly the same. This is because, the discounted expected profit is optimized 
with respect to price at a given remaining shelflife for a single item. Furthermore, 
when there is no item left in the inventory, there is no profit and the recursive 
part in Equation (2.15) for dynamic pricing case drops out. For the constant 
price, it is proved that Equation (2.19) holds for z = 1 ,... ,Q  and it is exactly 
the same equation with the dynamic price case except the price is fixed. Yet, for 
z =  1 , both equations have the same meaning; a single optimal price at the given 
remaining shelflife.
When there are more than one item left in the inventory, dynamic pricing 
policy adjust the prices at each demand point whereas the constant pricing policy 
uses a single fixed price throughout the lifetime of the items. We compared the 
two cases in terms of the optimal starting inventory levels for various parameters 
of the problem and in terms of the relative profit improvement obtained using 
dynamic pricing.
Using Tables 3 . 2  and 3.5, we observe that the optimal starting quantity values 
at a given remaining shelflife for both cases do not diflPer much. Small differences 
occur when the remaining lifetime is longer. When lifetime is long enough to 
observe demands and when demand rate is small, the dynamic pricing policy can 
afford to start with a higher inventory level. For r = 0.01, this result is the same.
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Since the optimal starting quantities are similar in most cases for the two 
policies, this gives us an opportunity to compare the starting prices and the 
corresponding profits as well. If the optimal starting inventory levels are the 
same for both policies with the same parameter values of the problem, we are 
interested in the relative performance of the dynamic pricing policy over the 
fixed pricing policy. Therefore, we define the relative optimal discounted expected 
profit improvement (Relative O.D.E.R Improvement) when the both policies start 
the system with similar conditions in terms of optimal starting inventory levels 
and with the same problem parameters as;
A/c*=Relative O.D.E.R Improvement = X 100(3.2)
where superscript d refers to dynamic pricing and c refers to constant pricing.
1 /1= 1 , r==0.1 1 7T=:5 1 7r = 10 1 7T = 20
1 b 1 1 1 Ap· 1 A k * 1 Ap* 1 A k * 1 Ap* 1 A k *
0.5 -1.26 0.43 -2.34 0.38 -2.56 0.48
2.5 -2.87 0.86 -2.93 0.92 -4.14 1.15
0.01 5.0 - - -4.28 1.35 -4.97 1.59
7.5 - - -5.17 1.68 -5.61 1.89
10.0 -5.93 1.90 - - -6.12 2.13
0.5 -2.72 0.51 0.00 0.00 0.00 0.00
2.5 -5.95 1.48 -6.54 1.92 -7.30 2.68
3 0.05 5.0 -7.60 2.12 -7.74 2.63 -7.12 3.39
7.5 -9.49 2.72 -9.13 3.08 -8.21 3.71
10.0 -11.09 3.17 - - -9.78 3.93
0.5 0.00 0.00 0.00 0.00 0.00 0.00
2.5 -7.45 2.06 -8.22 2.95 -7.20 3.49
0.10 5.0 -9.73 3.08 -9.33 3.95 -7.29 4.92
7.5 -11.86 3.68 -11.11 4.27 - -
10.0 -14.43 4.28 - - - -
0.5 -2.21 0.70 -2.28 0.76 -3.29 0.61
2.5 -3.98 1.57 -4.03 1.63 -4.85 1.78
0.01 5.0 -6.33 2.39 -6.33 2.46 -6.73 2.60
7.5 -8.29 3.15 -8.51 3.20 -8.70 3.33
10.0 -10.14 3.85 -10.27 3.88 - -
0.5 -3.43 0.68 -3.98 0.92 0.00 0.00
2.5 -6.35 2.01 -6.99 2.37 -7.66 3.20
4 0.05 5.0 -9.04 3.02 -9.03 3.37 -8.44 4.03
7.5 -11.45 3.84 - - -10.44 4.77
10.0 -13.57 4.58 - - - -
0.5 -4.02 0.95 0.00 0.00 0.00 0.00
2.5 -7.94 2.56 -7.83 3.07 -8.24 4.69
0.10 5.0 -10.69 3.72 - - -8.61 5.57
7.5 - - -12.47 5.01 - -
10.0 - - -15.25 5.54 - -
Table 3.8: Relative O.D.E.R Improvement w.r.t. tt, a, 5, r , r  =  0.1
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We present the relative profit improvement in Table 3 . 8  and we ignored the 
cases where the initial conditions differ in terms of optimal starting inventory 
level. We also indicated the relative decrease in the optimal starting price. A 
similar tableau for r =  0.01 is presented in Table 3.9 below;
1 =  1, r= 0.01 7T =:5 7T = 10 1 20 1
h a T Ap* Ak* Ap* A«* Ap* A «· 1
0.5 -1.27 0.43 -2.36 0.37 -2.60 0.47
2.5 -3.08 0.88 -3.24 0.95 -4.56 1.22
0.01 5.0 -4.36 1.30 -5.07 1.48 -5.84 1.81
7.5 -6.09 1.76 -6.57 1.94 -7.07 2.28
10.0 - - -8.05 2.37 -8.38 2.70
0.5 -2.76 0.51 0.00 0.00 0.00 0.00
2.5 -6.38 1.59 -7.38 2.12 -8.10 3.00
3 0.05 5.0 -8.78 2.45 -8.67 3.12 -7.69 4.15
7.5 -10.84 3.26 -9.99 3.90 -15.58 5.04
10.0 -12.88 4.01 -11.66 4.57 - -
0.5 0.00 0.00 0.00 0.00 0.00 0.00
2.5 -7.89 2.21 -9.18 3.30 -7.84 3.91
0.10 5.0 -10.20 3.58 -10.46 4.79 -7.59 6.12
7.5 -13.25 4.77 -10.92 5.41 - -
10.0 -15.14 5.60 - - -10.83 7.52
0.5 -2.22 0.69 -2.31 0.75 -3.31 0.61
2.5 -4.26 1.60 -4.41 1.67 -5.33 1.85
0.01 5.0 -7.51 2.54 -7.74 2.64 -8.29 2.85
7.5 -11.19 3.51 -11.30 3.60 -11.49 3.81
10.0 - - -15.57 4.61 -15.63 4.82
0.5 -3.45 0.67 -4.01 0.95 0.00 0.00
2.5 -6.84 2.11 -7.46 2.53 -8.69 3.52
4 0.05 5.0 -10.36 3.33 -10.09 3.83 -9.20 4.73
7.5 -14.29 4.51 -13.55 5.01 -12.25 5.97
10.0 -17.25 5.58 - - - -
0.5 -4.08 0.94 0.00 0.00 0.00 0.00
2.5 -8.51 2.74 -8.29 3.34 -9.38 5.23
0.10 5.0 -11.36 4.19 -11.71 5.27 -9.24 6.74
7.5 -14.67 5.50 - - - -
10.0 - - - - - -
Table 3.9: Relative O.D.E.R Improvement w.r.t. tt, a, b, r, r = 0.01
Table 3.8 displays the relative improvement obtained by applying a dynamic 
pricing policy compared to using a fixed pricing policy when the optimal starting 
quantities are the same for both policies. In all cases, the optimal dynamic 
starting price is smaller than the optimal fixed price with the same initial 
conditions and same parameter values. In all cases, the dynamic pricing policy 
outperformed the constant pricing policy in terms of discounted expected profit. 
Only, in a few cases, when the shelflife is very small, both policies yield the same 
optimal discounted expected profit. This is because for both policies, the optimal
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starting quantity is i = 1, and when the starting quantity is a single item, both 
policies yield the same performance. For r =  0.1 the relative discounted expected 
profit improvement varies between 0% and 5.57% and the relative improvement 
is between 0 % and 7.52% for a smaller discount rate of r  =  0 .0 1 .
For fixed perishing cost and demand rate parameters, the relative profit 
improvement is higher in cases where the shelflife is longer. For items with 
very small shelflifes, that is, for highly perishable goods, the relative profit 
improvement is less than the previous case, yet, the dynamic pricing policy still 
performs at least as good as the fixed price case.
Demand rate parameters also have a considerable effect on the relative 
improvement. When b is fixed, an increase in a, or alternatively, a decrease 
in the demand rate results in higher improvement at fixed r  with different, yet 
close optimal starting inventory levels. However, this result does not hold for very 
small shelflifes. When a is fixed, an increase in b, or alternatively, an increase 
in the demand rate results in higher relative improvement at fixed r  again with 
different, yet close optimal starting inventory levels.
Unit perishing cost has also a noticeable effect on the relative improvement 
obtained. If the shelflife is not very small, as the perishing cost increases, the 
dynamic pricing policy yields higher profits at a given shelfiife and again with 
different, yet close optimal starting inventory levels and all other parameters fixed.
We also compared our dynamic pricing policy with the constant pricing policy 
when the starting quantities can be any quantity. We display the results obtained 
for r  =  2.5,5,7.5 and 10 for a discount rate of r =  0.1 in Table 3.10 where tt =  5, 
Table 3.11 where tt =  10 and Table 3.12 for tt =  20. Similar results for r =  0.01 
are tabulated in Tables A.7, A . 8  and A.9 in the appendix.
h=1, r= 
7 T =  5
0.1 Starting Q
b a r 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
2.5 0 0.71 1.06 1.15 1.08 0.96 0.86 0.81 0.79 0.79 0.79 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
0.01 5.0 0 0.62 1.08 1.40 1.60 1.68 1.68 1.61 1.50 1.39 1.28 1.21 1.17 1.14 1.13 1.13 1.13 1.13 1.13 1.13
7.5 0 0.53 0.94 1.26 1.52 1.72 1.86 1.95 1.99 1.98 1.93 1.86 1.78 1.69 1.62 1.55 1.51 1.48 1.46 1.46
10 0 0.50 0.88 1.18 1.42 1.63 1.80 1.94 2.05 2.13 2.18 2.20 2.20 2.18 2.13 2.08 2.02 1.95 1.90 1.85
2.5 0 0.83 1.31 1.50 1.49 1.37 1.25 1.18 1.16 1.18 1.21 1.25 1.30 1.37 1.47 1.63 1.91 2.57 5.79 _
0.05 5.0 0 0.70 1.25 1.66 1.96 2.14 2.22 2.21 2.13 2.01 1.89 1.77 1.69 1.64 1.61 1.60 1.59 1.59 1.59 1.59
3 7.5 0 0.60 1.08 1.48 1.82 2.10 2.33 2.51 2.63 2.70 2.72 2.69 2.63 2.55 2.45 2.36 2.28 2.21 2.16 2.13
10 0 0.58 1.04 1.41 1.73 2.00 2.25 2.47 2.66 2.82 2.95 3.05 3.13 3.17 3.18 3.16 3.12 3.06 2.99 2.92
2.5 0 0.99 1.67 2.05 2.20 2.20 2.16 2.21 2.45 3.21 7.24 - - - - - - _ _ _
0.10 5.0 0 0.80 1.47 2.03 2.48 2.83 3.08 3.23 3.29 3.28 3.23 3.17 3.14 3.18 3.34 3.75 4.81 10.44 _ _
7.5 0 0.70 1.28 1.79 2.25 2.67 3.05 3.39 3.68 3.93 4.13 4.28 4.39 4.46 4.50 4.54 4.59 4.70 4.91 5.34
10 0 0.69 1.26 1.74 2.17 2.57 2.95 3.31 3.65 3.97 4.28 4.58 4.86 5.11 5.35 5.57 5.77 5.97 6.17 6.40
2.5 0 0.73 1.22 1.51 1.63 1.65 1.62 1.59 1.57 1.57 1.58 1.59 1.59 1.60 1.60 1.60 1.60 1.60 1.60 1.59
0.01 5.0 0 0.57 1.03 1.42 1.73 1.98 2.16 2.29 2.38 2.42 2.43 2.42 2.41 2.40 2.39 2.39 2.40 2.41 2.41 2.42
7.5 0 0.47 0.85 1.18 1.47 1.73 1.97 2.19 2.38 2.54 2.68 2.80 2.89 2.97 3.02 3.06 3.09 3.11 3.12 3.14
10 0 0.46 0.82 1.11 1.37 1.60 1.81 2.01 2.20 2.38 2.55 2.71 2.86 3.00 3.13 3.25 3.35 3.44 3.53 3.59
2.5 0 0.80 1.37 1.74 1.94 2.01 2.01 1.98 1.97 1.96 1.98 1.99 2.01 2.01 2.02 2.02 2.02 2.03 2.03 2.03
4 0.05 5.0 0 0.61 1.12 1.56 1.94 2.25 2.51 2.70 2.85 2.94 2.99 3.02 3.02 3.01 3.00 2.99 2.99 2.99 2.99 2.99
7.5 0 0.52 0.94 1.31 1.65 1.96 2.24 2.51 2.76 2.99 3.19 3.37 3.53 3.66 3.76 3.84 3.91 3.95 3.98 4.01
10 0 0.51 0.92 1.26 1.56 1.84 2.10 2.34 2.58 2.81 3.03 3.24 3.45 3.64 3.83 4.01 4.17 4.32 4.46 4.58
2.5 0 0.89 1.58 2.07 2.39 2.56 2.63 2.65 2.67 2.70 2.76 2.85 2.96 3.11 3.31 3.65 4.36 6.68 _ _
0.10 5.0 0 0.67 1.24 1.75 2.21 2.62 2.97 3.28 3.52 3.72 3.86 3.96 4.03 4.06 4.08 4.10 4.11 4.13 4.14 4.16
7.5 0 0.58 1.06 1.49 1.88 2.26 2.62 2.97 3.30 3.62 3.93 4.21 4.48 4.71 4.93 5.11 5.27 5.41 5.52 5.61
10 0 0.58 1.05 1.46 1.83 2.17 2.50 2.81 3.12 3.43 3.73 4.03 4.33 4.62 4.91 5.20 5.48 5.75 6.00 6.25
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Table 3.10: Relative Profit Improvement Sensitivity Results w.r.t. тг, a, b, т and Starting Quantity
СЛ
CO
h=1, r= 
7T=10
0.1 Starting Q
b a r 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
3
0.01
2.5 
5.0
7.5 
10
0
0
0
0
0.72
0.63
0.53
0.50
1.10
1.10
0.95
0.88
1.21
1.43
1.28
1.18
1.14
1.64
1.54
1.43
1.02
1.74
1.75 
1.64
0.92
1.74
1.90
1.81
0.86
1.68
1.99
1.95
0.84
1.57
2.04
2.07
0.84
1.45
2.04
2.16
0.84
1.35
2.00
2.21
0.85
1.27
1.93
2.24
0.85
1.22
1.84
2.25
0.85
1.19
1.76
2.23
0.85
1.18
1.68
2.19
0.86
1.17
1.61
2.13
0.86
1.17
1.56
2.07
0.86
1.16
1.53
2.01
0.86
1.16
1.51
1.95
0.86
1.16
1.50
1.90
0.05
2.5 
5.0
7.5 
10
0
0
0
0
0.93
0.74
0.62
0.59
1.54
1.34
1.11
1.04
1.84
1.82
1.54
1.42
1.92
2.18
1.91
1.75
1.86
2.44
2.23
2.04
1.76
2.58
2.50
2.31
1.71
2.63
2.73
2.55
1.75
2.60
2.90
2.77
1.89
2.50
3.02
2.96
2.18
2.38
3.08
3.13
2.88
2.25
3.10
3.27
5.98
2.14
3.07
3.38
2.06
3.01
3.46
2.00
2.92
3.51
1.98
2.82
3.52
1.96
2.72
3.51
1.96
2.63
3.48
1.95
2.55
3.42
1.95
2.49
3.35
0.10
2.5 
5.0
7.5 
10
0
0
0
0
1.22
0.88
0.72
0.69
2.20
1.65
1.33
1.26
2.95
2.34
1.89
1.75
3.53
2.95
2.41
2.20
4.08
3.49
2.90
2.63
4.97
3.95
3.38
3.04
8.15
4.33
3.83
3.44
4.64
4.26
3.84
4.89
4.66
4.23
5.13
5.03
4.63
5.43
5.38
5.02
5.92
5.70
5.42
7.10
6.00
5.81
11.88
6.30
6.21
6.64
6.61
7.08
7.02
7.77
7.46
9.16
7.96
13.22
8.55
4
0.01
2.5 
5.0
7.5 
10
0
0
0
0
0.74
0.57
0.48
0.46
1.25
1.04
0.86
0.82
1.55
1.43
1.19
1.11
1.68
1.75
1.48
1.37
1.71
2.01
1.75
1.60
1.68
2.21
1.99
1.82
1.65
2.34
2.21
2.02
1.63
2.43
2.40
2.21
1.63
2.48
2.57
2.39
1.64
2.49
2.72
2.56
1.65
2.49
2.84
2.73
1.66
2.48
2.94
2.88
1.66
2.46
3.02
3.03
1.66
2.46
3.08
3.16
1.66
2.46
3.12
3.28
1.65
2.46
3.15
3.39
1.65
2.47
3.17
3.49
1.65
2.47
3.19
3.57
1.65 
2.47 
3.20
3.65
0.05
2.5 
5.0
7.5 
10
0
0
0
0
0.86
0.63
0.52
0.51
1.51
1.17
0.95
0.92
1.96
1.65
1.33
1.26
2.24
2.06
1.68
1.57
2.37
2.41
2.01
1.85
2.41
2.71
2.32
2.11
2.41
2.96
2.61
2.37
2.40
3.15
2.89
2.61
2.41
3.28
3.14
2.86
2.43
3.37
3.38 
3.09
2.47
3.43
3.59
3.32
2.51
3.45
3.78
3.55
2.54
3.45
3.95
3.77
2.58
3.44
4.09
3.98
2.62
3.42
4.20
4.18
2.68
3.41
4.29
4.37
2.76
3.39
4.35
4.55
2.89
3.37
4.40
4.72
3.14
3.35
4.43
4.86
0.10
2.5 
5.0
7.5 
10
0
0
0
0
1.02
0.71
0.58
0.58
1.87
1.34
1.08
1.05
2.55
1.91
1.52
1.47
3.07
2.45
1.95
1.84
3.44
2.94
2.36
2.19
3.71
3.40
2.76
2.52
3.91
3.81
3.15
2.85
4.11
4.18 
3.54
3.18
4.39
4.50 
3.93
3.51
4.88
4.77
4.30
3.84
5.92
4.99
4.66
4.17
9.30
5.16
5.01
4.51
5.29
5.34
4.85
5.38
5.65
5.20
5.45
5.94
5.54
5.51
6.20
5.88
5.56
6.44
6.22
5.62
6.64
6.56
5.68
6.82
6.88
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Table 3.11: Relative Profit Improvement Sensitivity Results w.r.t. tt, a, b, r  and Starting Stocking Quantity
c:>o
h== 1, r=  
7t=20
0.1 Starting Q
 ^ 1 a r 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
2.5 0 0.76 1.18 1.32 1.27 1.15 1.04 0.98 0.96 0.96 0.96 0.97 0.98 0.99 0.99 1.00 1.01 1.03 1.04 1.05
0.01 5.0 0 0.65 1.14 1.49 1.73 1.85 1.87 1.82 1.71 1.59 1.48 1.39 1.33 1.29 1.27 1.26 1.25 1.24 1.24 1.23
7.5 0 0.54 0.96 1.30 1.58 1.80 1.97 2.08 2.14 2.15 2.12 2.06 1.98 1.89 1.80 1.73 1.67 1.63 1.60 1.58
10 0 0.51 0.88 1.19 1.44 1.66 1.84 1.99 2.12 2.22 2.29 2.33 2.34 2.33 2.30 2.25 2.19 2.13 2.07 2.01
2.5 0 1.16 2.04 2.67 3.09 3.38 3.71 4.49 8.22 - - - _ _ _ _ _ _ " _ "
0.05 5.0 0 0.83 1.53 2.14 2.65 3.07 3.39 3.61 3.74 3.79 3.77 3.72 3.65 3.61 3.63 3.80 4.33 7.26 _ _
3 7.5 0 0.64 1.18 1.66 2.10 2.50 2.86 3.19 3.47 3.71 3.90 4.04 4.13 4.17 4.16 4.12 4.05 3.95 3.85 3.75
10 0 0.59 1.05 1.45 1.80 2.13 2.43 2.72 3.00 3.26 3.50 3.73 3.93 4.10 4.25 4.37 4.45 4.51 4.53 4.52
2.5 0 1.73 3.48 5.44 8.26 15.49 - - - - - _ _ _ _ _ _ _ _
0.10 5.0 0 1.04 2.03 3.00 3.96 4.94 5.95 7.03 8.28 9.87 12.30 17.40 41.59 _ _ _ _ _ _
7.5 0 0.77 1.45 2.10 2.75 3.41 4.08 4.78 5.51 6.27 7.08 7.97 8.98 10.18 11.73 14.00 18.08 29.01 _ _
10 0 0.70 1.28 1.79 2.28 2.76 3.24 3.74 4.26 4.80 5.38 6.00 6.66 7.38 8.17 9.06 10.09 11.34 12.95 15.20
2.5 0 0.76 1.30 1.63 1.79 1.83 1.82 1.78 1.76 1.76 1.77 1.78 1.79 1.79 1.79 1.78 1.78 1.77 1.77 1.76
0.01 5.0 0 0.58 1.06 1.47 1.80 2.08 2.29 2.44 2.54 2.60 2.63 2.63 2.62 2.60 2.59 2.59 2.59 2.59 2.59 2.59
7.5 0 0.48 0.86 1.20 1.50 1.77 2.02 2.25 2.46 2.64 2.80 2.93 3.04 3.13 3.20 3.25 3.28 3.31 3.33 3.34
10 0 0.46 0.82 1.12 1.37 1.61 1.83 2.03 2.23 2.41 2.60 2.77 2.93 3.08 3.22 3.36 3.47 3.58 3.67 3.75
2.5 0 0.99 1.80 2.43 2.89 3.20 3.40 3.52 3.63 3.76 3.97 4.31 4.96 6.62 23.36 - _ _ _ _
4 0.05 5.0 0 0.68 1.27 1.81 2.30 2.75 3.14 3.49 3.78 4.02 4.21 4.35 4.45 4.50 4.52 4.51 4.48 4.43 4.37 4.28
7.5 0 0.53 0.98 1.38 1.76 2.13 2.48 2.82 3.15 3.46 3.77 4.05 4.32 4.56 4.77 4.96 5.12 5.25 5.35 5.43
10 0 0.51 0.92 1.27 1.58 1.87 2.15 2.42 2.69 2.96 3.23 3.50 3.76 4.03 4.29 4.54 4.79 5.03 5.25 5.47
2.5 0 1.29 2.49 3.61 4.67 5.74 6.90 8.43 11.26 22.01 - - _ _ _ _ _ _ _ ■■■
0.10 5.0 0 0.79 1.53 2.23 2.92 3.60 4.27 4.93 5.57 6.21 6.83 7.44 8.04 8.65 9.30 10.02 10.95 12.43 15.76 36.72
7.5 0 0.60 1.12 1.61 2.08 2.55 3.04 3.52 4.03 4.54 5.06 5.59 6.12 6.66 7.20 7.75 8.29 8.83 9.36 9.90
10 0 0.58 1.05 1.47 1.85 2.22 2.58 2.94 3.30 3.68 4.07 4.47 4.89 5.32 5.77 6.24 6.72 7.21 7.71 8.23
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Table 3.12: Relative Profit Improvement Sensitivity Results w.r.t. tt, a, 6 , r  and Starting Stocking Quantity
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In all these tables, the comparison is made for the cases where both policies 
yield nonnegative profits. This is encouraged by the reasoning that negative 
profits mean simply not to operate the system under a negative profit. Besides, 
the negative profits are observed for the cases in which the demand rate is low, 
lifetime is small and the starting inventory is huge. This situation simply refers 
to ill defined operating characteristics.
From Tables 3.10, 3.11 and 3 .1 2 , we see that at the given demand rate
parameters, if the starting inventory level is not the optimal level or if it is not 
close to the optimal starting stocking quantity, the relative discounted expected 
profit is lower than the profits that can be obtained when using the optimal 
starting quantities as expected. For a given shelfiife, higher relative improvements 
are obtained when the starting inventory level is close to the optimal starting 
stock level. As the deviations from the optimal starting quantity increases, the 
relative improvements reduce. For long shelflife, the relative improvement is lower 
if the initial inventory is very small. This is because, there are only a few items 
in inventory with a rather long shelflife during which more items could have been 
sold.
High perishing costs increase the performance of the dynamic pricing 
policy. Namely, for a given inventory level and remaining lifetime, the relative 
improvement in the profits increase in perishing cost.
The parameters of the demand rate has also considerable effects on the relative 
discounted expected profit improvement. For fixed 6 , the relative improvement 
is higher when a is increased, i.e. when demand rate is decreased for a given 
inventory level and remaining shelflife. We observe a similar behaviour when a 
is fixed and b changes. In the following figures, the relative discounted expected 
profit is displayed for some parameters of the problem.
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Figure 3.20: Relative Improvement in Profit for a = 0.01, 6  =  4, tt =  5, r =  0.10
Figure 3.21: Relative Improvement in Profit for a = 0.05, 6  =  4, tt =  5, r =  0.10
Prom Figure 3.20 and Figure 3.22, we see that a decrease in the demand 
parameter b considerably effects the relative improvements. If the starting 
inventory is huge, the relative improvement obtained is less than the improvement 
that could be achieved with a lower starting stock level.
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Figure 3 .2 2 : Relative Improvement in Profit for a = 0.01, 6  =  3 , tt =  5 , r =  0.10
Figure  3.23: Relative Improvement in Profit for a =  0.01, 6 =  3 , tt =  20,
r =  0.01
Chapter 4
CONCLUSION
In this thesis, we consider dynamic pricing of perishables in an inventory system 
where items have a fixed lifetime and demand is stochastic. Demand rate is 
assumed to be price-dependent. The instances at which an item is withdrawn 
from inventory due to demand constitute decision epochs for setting the sales 
price. Price is allowed to change in both directions, i.e. both markup or 
markdown is possible at any demand point. We consider a finite horizon inventory 
system, in which there exists at most one order outstanding at any time and no 
fresh items arrive until the older ones are depleted. Revenues are collected and 
costs are incurred as the items are sold. Costs involved are the holding and 
perishing costs. All the cash flows are discounted at a discount rate, r and we 
assume that unsold items have a zero salvage value and all costs related to the 
purchase or ordering costs are sunk costs.
We assume that the shelflife of the items in a batch is the same and the items 
have a constant utility until they perish. The interdemand times are assumed to 
be independent but not identical random variables. Our objective is to determine 
the optimal pricing policy and the optimal initial stocking level to maximize the 
discounted expected profit. Dynamic programming approach is used the solve 
the problem numerically with random period lengths.
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We modeled the dynamic pricing policy for Poisson demands with an additive, 
price-dependent rate and constant shelflife and performed an extensive numerical 
study. As a part of the thesis, we also modeled the case in which interdemand 
times follow Weibull distribution and shelflife is constant. However, we were 
unable to present any numerical study for this case because of time limitations.
We finally developed a fixed price policy for Poisson demands and constant 
shelflife. In the fixed-price policy, we restrain our assumptions except that a 
single optimal price is used throughout the shelflife of the items. We carried out 
the same numerical study as done for the dynamic pricing setting. Both pricing 
policies are compared by the numerical study performed. In all cases, we observed 
that the dynamic pricing policy outperforms the constant pricing case as long 
as the inventory system has a motive to be operational, namely if nonnegative 
profits can be obtained. We also observed that the optimal starting stock levels 
are close to each other in both policies. When both policies start operating with 
exactly the same initial optimal conditions, the dynamic pricing policy performs 
better in terms of optimal discounted expected profit. Only in cases where the 
shelflife is very small and the optimal starting quantity is 1 , both policies yield 
the same performance, which is expected. The relative discounted expected profit 
improvement is found to vary between 0% and 5.57% for a discount rate of r =  0.1 
and it is between 0% and 7.52% for a smaller discount rate of r =  0.01 depending 
on the model parameters of the problem.
From the numerical study performed, we observe that the performances of 
policies heavily depend on the nature of the demand and hence the parameters 
of the demand rate chosen. Hence, a worthy but complex extension may be 
modeled in which the form of the demand and parameters are modified through 
learning. Another important research area for future studies may include different 
demand rate structures other than the additive linear case. A demand rate 
which is a function of both the remaining shelflife and the current price may be 
included in the setting we proposed. In this study, a cost for price changes is not
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considered. However, it may not be practical to change the price too frequently 
if the interdemand times are very small in reality. Hence, advertisement cost of 
price changes may be incorporated into our model which may provide several 
insights for the kind of pricing policy that should be implemented.
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Appendix
A .l First and Second Order Conditions for Discounted Expected  
Profit with Poisson Demands and Constant Shelflife
The first order condition for the optimality for z = 1 , . . . ,  (5 is:
dKi{Tj,Pi)
dpi
= f  9i{x^Pi)e ''"'dx 
Jq
+ f  [(Pi +  —  +  -  x,P*i-i))e -  —]gi{x,Pi)dx
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— i{h
1 -  e~
+ 7re ^^')Gi(Ti,Pi)
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/  '[ fe  +  V  ~ -  7 ]Jo r  r
— i{h
a ( l  — x{b — api))e 
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Finally, the second order condition for i =  1 , . . . ,  Q is given by:
d‘^Ki{Ti,pi)
dpi =  i  [ '
PTi oh
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A.2 First and Second Order Conditions for Discounted Expected  
Profit with Weibull Demands and Constant Shelflife
The first order condition for i =  1 , . . . ,  Q is given as:
^  =  £  g>{x,Pi)e-"dx
+  /  \{Pi +  —  +  < - i ( T i  -  a:,p*_i))e"'·® -  —]g\{x,pi)dxJo r r
I _  p-rri
-  i{h-----------+ 7re "'^^)Gi{Ti,pi), i= l , . . . ,Q
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= r  Afx^-
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The second order condition for z = 1 ,. . . ,  Q is given by:
-^ -0 -  = ^ 1 ^ '9i{x,Pi)e "^dx
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A.3 Proof of Theorem 2.2
The proof is done via mathematical induction. We have / io iT " !  — a ; )  =  0  and 
i = 1, . . .  ,Q.  For i — 1 (2.19) gives;
« i(n ) =  E ( P  + - ) ( /  . p p l  -
k = l
i= l
r b — ap + r'
-  E P i
kh . b — ap
r b - a p  + r
_  g-(<>-ap+r)Ti^  _  ^^-(b-ap+rpi
r  b — ap + r
— ne
— [1 — e~(*’- “P+'')n^
r  ^
-(6 -ap 4 -r)r i (A.3.1)
This is the same as (2.18) when i = 1. Hence, we proved that (2.19) holds 
for i =  1. For i — assume that (2.19) holds, i.e.
Ki-l(Ti-l) =
^  r 0 — ap + r 
_  y k k h . h - a p  ^ -(b -ap + rW i-i· ,
p r ^ i - a p  +  r^ ' '
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Writing T j - i  = Ti — X, (A.3.2) becomes:
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Then, inserting Ki-i(ri — x) into (2.18) we have:
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Arranging the formulae above, we have:
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C + D  + F  =
E E „ ‘‘^ *1 A -ij> + ( i - +  ( i --  ap + r)*-·  ^ r b - a p  + r  ^ r j\
The sum of terms above yield Equation (2.19). Hence Theorem 2 . 2  is proved. □
A .4 Golden Section Search
Referring Fisherb
“Golden Section Search is an elegant and robust method of locating a 
minimum (maximum) in a bracket. This involves evaluating the function at some 
point X in the larger of the two intervals (a,b) or (b,c). For minimum case, if 
f{x) < f{b) then X replaces the midpoint b, and b becomes an endpoint. If 
f (x)  > f{b) then b remains the midpoint with x replacing one of the end points. 
Either way, the width of the bracketing interval will reduce and the position of 
the minima will be better defined. The procedure is then repeated until the width 
achieves a desired tolerance.
It can be shown that if the new point, x, is chosen to be a proportion 
(hence Golden Section) along the larger sub-interval, measured from the 
midpoint b, then the width of the full interval (a, c) will reduce at an optimal 
rate. The Golden Section Search requires no information about the derivative of 
the function. If such information is available, it can be used to predict where best 
to choose the new point x  in the above algorithm, leading to faster convergence.”
The following figure shows the initial steps of the Golden Section Search for 
finding the minimum:
^Bob F ish er, 1997
h ttp ://w w w .d a i .e d .a c .u k /C V o n lin e  /L O C A L _ C O P IE S /B M V A 9 6 T u t/n o d e l7 .h tm I
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Figure A .l: Golden Section Search. Initial Bracket (1 ,2 ,3 ) becomes
(4,2,3),(4,2,5),...
A .5 Sensitiv ity  for D ynam ic P ric ing  R esults w .r.t. tt, a, 6 , r ,  r  = 
0.01 and O ptim al S ta rting  Q uantity
1 h=l, T=:0.01 1 7T=5 1 7T=10 1 7t=20
1 b 1 a 1 1 Q* p* 1 «· Q* P* Q* 1 p* K*
0.5 3 147.80 98.82 2 150.41 91.57 2 145.94 78.60
2.5 7 147.62 522.58 7 145.39 506.51 6 144.78 482.94
0.01 5.0 12 145.04 1036.89 11 145.27 1019.17 10 145.31 989.01
7.5 16 143.58 1534.01 15 144.05 1514.89 14 144.13 1482.16
10.0 19 143.98 2013.28 19 142.29 1993.90 18 142.32 1960.34
0.5 2 28.64 13.78 1 31.42 10.78 1 28.23 6.10
2.5 5 29.29 87.60 5 27.65 80.06 4 27.67 71.11
3 0.05 5.0 9 28.47 173.19 8 28.84 165.88 7 29.25 154.93
7.5 12 28.59 250.92 11 29.13 243.79 11 27.79 233.33
10.0 15 28.42 320.43 14 29.00 314.08 14 28.01 304.70
0.5 1 15.66 5.21 1 14.06 2.88 1 11.12 -1.29
2.5 4 14.70 37.06 4 13.51 32.77 3 13.91 27.89
0.10 5.0 7 14.71 72.71 7 13.96 68.64 6 14.36 63.52
7.5 10 14.34 102.21 9 14.84 98.78 9 14.25 94.47
10.0 12 14.60 125.96 12 14.29 123.32 11 14.77 119.74
0.5 3 198.81 184.86 3 196.44 174.78 2 202.34 157.47
2.5 9 194.24 956.63 9 191.96 937.07 8 191.23 905.98
0.01 5.0 15 188.97 1906.83 15 186.80 1883.25 14 186.04 1843.83
7.5 21 182.20 2839.60 20 182.94 2813.58 19 183.05 2769.95
10.0 27 174.47 3755.50 26 175.05 3728.89 25 174.81 3683.19
0.5 2 39.95 29.76 2 37.89 24.26 1 42.31 17.69
2.5 7 38.43 169.00 6 38.86 159.21 6 36.12 145.36
4 0.05 5.0 12 37.64 335.05 11 38.04 324.33 10 38.35 308.67
7.5 17 36.31 489.80 16 36.69 479.66 15 36.91 464.50
10.0 21 36.05 633.53 21 35.19 623.98 20 35.42 609.98
0.5 2 18.88 11.75 1 21.11 8.68 1 18.44 5.06
2.5 6 19.04 75.10 5 19.41 68.93 5 17.59 61.15
0.10 5.0 10 19.28 147.18 10 18.45 141.31 9 18.72 133.39
7.5 14 18.95 210.18 14 18.39 205.10 13 18.75 197.96
10.0 1 18 18.40 264.25 18 18.00 259.88 17 18.39 253.96
Table A.l: Sensitivity for Dynamic Pricing Results w.r.t. tt, a, b , r , r  = 0 . 0 1  and 
Optimal Starting Quantity
A . 6  Sensitivity for Dynam ic Pricing R esults w .r.t. tt, a, b, t , r  ^  0.01 for 1,5,10 and 20 item s.
h=l
r=0.01
0.01
0.05
0.10
0.01
0.05
0.10
0.5
2.5 
5.0
7.5 
10
0.5
2.5 
5.0
7.5 
10
0.5
2.5 
5.0
7.5 
10
0.5
2.5 
5.0
7.5 
10
0.5
2.5 
5.0
7.5 
10
0.5
2.5 
5.0
7.5 
10
1 Item
7T=5
P
172.67
223.18
246.60
257.90
264.57
33.08
43.88
48.68
50.92
52.20
15.66 
21.49 
23.96 
25.07
25.67
239.90
311.69 
340.50
353.70 
361.30
46.67
61.72
67.56
70.17
71.64
22.54
30.49
33.46
34.74
35.43
~78.13
187.01
224.07
239.55
247.77
13.27
35.99
43.23
46.04
47.42
5.21
17.16
20.69
21.95
22.50
129.30
273.61
316.80
334.05
342.99
23.83
53.52
61.94
65.11
66.62
10.69
26.04
30.13
31.56
32.18
7T=10
170.95
222.55
246.27
257.69
264.42
31.42
43.30
48.39
50.75
52.09
14.06
20.98
23.72
24.93
25.58
238.36
311.20
340.26
353.54
361.19
45.18
61.26
67.34
70.04
71.54
21.11
30.07
33.26
34.63
35.36
75.51
186.30
223.75
239.35
247.64
10.78
35.36
42.96
45.90
47.33
2.88
16.62
20.47
21.84
22.44
127.07
273.08 
316.55 
333.91 
342.89
21.71
53.04
61.74
64.99
66.56
8.68
25.61
29.96
31.47
32.13
7t=20
167.54
221.31
245.64
257.28
264.13
28.23
42.26
47.88
50.43
51.87
11.12
20.10
23.31
24.68
25.43
235.30
310.24 
339.78
353.24 
360.97
42.31
60.42
66.94
69.79
71.38
18.44
29.35
32.93
34.43
35.24
70.34
184.92
223.11
238.97
247.38
6.10
34.23
42.47
45.62
47.16
-1.29
15.71
20.10
21.65
22.34
122.67
272.04
316.08
333.63
342.71
17.69
52.15
61.35
64.78
66.43
5.06
24.87
29.66
31.32
32.05
5 Items
7T=5
146.67
156.62
188.58
211.89
226.73
27.26
29.29
36.17
40.86
43.66
12.33
13.44
17.18
19.52
20.80
195.59
223.21
274.71
304.13
321.25
37.05
42.99
53.70
59.51
62.72
17.23
20.52
26.11
28.95
30.40
89.28
503.41
804.70
955.20
1038.92
-0.74
87.60
148.46
176.73
191.25
-11.85
36.15
66.94
80.04
86.13
178.89
852.13
1240.04 
1412.24
1503.04
18.22
159.86
237.12
269.36
285.18
-1.71
73.67
112.09
126.95
133.62
7T=10
P
144.20
154.82
187.82
211.51
226.51
24.80
27.65
35.54
40.56
43.50
9.90
11.98
16.68
19.30
20.69
193.13
221.84
274.22
303.90
321.11
34.60 
41.75 
53.28 
59.32
62.61
14.81
19.41
25.77
28.80
30.32
68.23
494.86
801.42
953.51
1037.90
-21.41
80.06
145.78
175.44
190.53
-32.05
29.65 
64.82 
79.10
85.66
159.09
846.08
1237.89
1411.14
1502.38
- 1.20
154.45
235.31
268.49
284.69
- 20.68
68.93
110.59
126.28
133.28
7t=20
139.26
151.31
186.35
210.77
226.08
19.92
24.69
34.46
40.06
43.23
5.12
9.60
15.91
18.97
20.53
188.21
219.16
273.27
303.43
320.85
29.76
39.50
52.55
58.98
62.43
10.09
17.59
25.22
28.56
30.21
26.33
478.20
795.08
950.24
1035.93
-61.84
66.72
141.16
173.20
189.28
-70.68
19.30
61.51
77.60
84.89
119.69
834.25
1233.71
1409.00
1501.09
-39.16
144.73
232.07
266.92
283.81
-56.87
61.15
108.14
125.17
132.70
Table A.2: Sensitivity for Dynamic Pricing Results w.r.t. tt, a, b , r , r  = 0.01 for 1 and 5 items
I§
oo
to
/1=1
r=0.01
0.01
0.05
0.10
0.01
0.05
0.10
0.5
2.5 
5.0
7.5 
10.0
0.5
2.5 
5.0
7.5 
10.0
0.5
2.5 
5.0
7.5 
10.0
0.5
2.5 
5.0
7.5 
10.0
0.5
2.5 
5.0
7.5 
10.0
0.5
2.5 
5.0
7.5 
10.0
10
7T=5
146.73
145.00
150.59
169.69
188.61
27.35
26.33
27.28 
31.47
35.29
12.44
11.50
12.00
14.34
16.23
195.59
192.44 
216.64
252.45 
278.25
37.18
35.83
41.11
48.51
53.51
17.40
16.29
19.28
23.08
25.46
61.89
508.85
1030.08
1413.39
1662.01
-28.16
62.35
170.72
246.45
292.10
-39.28
7.53
64.96
102.21
122.71
151.63
955.48
1786.10
2279.51
2564.08
-9.21
157.55
328.38
424.01
475.78
-29.19
58.72
147.18
193.10
216.07
Item
=10
V
144.34
142.57
148.80
168.77
188.13
25.00
23.93
25.73
30.77
34.95
10.15
9.16
10.74
13.83
16.00
193.26
190.06
215.44
251.95
278.00
34.90
33.52
40.09
48.11
53.32
15.19
14.08
18.45
22.78
25.32
15.94
478.88
1016.06
1406.74
1658.37
-73.77
34.36
159.18
241.41
289.52
-84.46
-18.06
55.82
98.55
120.96
106.88
931.44
1777.49
2275.68
2561.98
-53.63
135.32
321.17
420.97
474.20
-73.20
38.61
141.31
190.76
214.94
7t=20
139.56
137.73
145.31
167.02
187.22
20.41 
19.23 
23.07 
29.64
34.41
5.82
4.76
8.88
13.13
15.68
188.61
185.33
213.10
250.98
277.52
30.47
29.08
38.35
47.44
53.00
11.04
10.10
17.21
22.33
25.12
-75.80
419.79
989.01
1394.01
1651.39
-164.15
-17.50
139.67
233.02
285.19
-173.25
-61.62
42.34
93.16
118.34
17.55
884.15
1760.82
2268.27
2557.91
-141.67
94.51
308.67
415.68 
471.43
-159.76
4.79
132.22
187.09
213.11
20 Items
7T=5
146.92
145.07
142.20
139.72
141.75
27.55
26.54
24.97
23.58
23.92
12.67
11.77
10.36
9.21
9.57
195.91 
191.22 
184.09
184.92 
203.74
37.51
35.83
33.23
33.12
37.37
17.76
16.46
14.44
14.42
16.83
7.06
435.28
970.71
1504.44
2013.21
-83.02
-11.64
85.56
190.73
293.16
-94.16
-66.64
-22.40
31.73
84.21
96.67
885.84
1878.40
2836.67
3618.47
-64.20
84.14
281.74
478.33
631.92
-84.22
-15.29
84.78
187.17
261.94
7T=10
144.67
142.78
139.84
137.38
139.91
25.41
24.33
22.65
21.39
22.49
10.65
9.66
8.11
7.33
8.59
193.85
188.99
181.62
182.94
202.70
35.57
33.69
30.82
31.46
36.62
15.95
14.43
12.15
13.13
16.32
K
-88.73
356.19
912.19 
1465.77 
1990.67
-178.51
-88.97
31.25
158.72
276.87
-189.30
-141.90
-71.56
6.90
73.23
1.98
812.56
1832.23
2813.58
3607.38
-158.64
12.47
239.75
459.80
623.67
-178.37
-85.05
47.79
173.00
256.07
7t=20
140.24
138.24 
135.13 
132.74 
136.36
21.36
20.09
18.09
17.37 
20.21
7.10
5.79
3.79 
4.45 
7.34
189.78
184.57
176.70
179.08
200.74
31.94
29.58
26.13
28.64
35.42
12.83
10.67
7.98
11.30
15.62
-280.16
198.78
796.76
1390.75
1947.68
-368.81
-240.03
-69.49
104.59
250.93
-378.40
-285.77
-154.74
-28.30
58.42
-187.27
666.72
1741.50
2769.05
3586.14
-346.95
-127.51
163.47
428.73
609.98
-365.71
-218.37
-12.33
152.44
247.46
Table A.3: Sensitivity for Dynamic Pricing Results w.r.t. tt, a, b, r, r = 0.01 for 10 and 20  items
i
00
CO
APPENDIX 84
A.T Sensitivity for Constant Pricing Results w.r.t. tt, a, b, t , r =  
0.01 and Optimal Starting Quantity
h=l^  r=0.01
b I a
0.01
0.05
0.10
0.01
0.05
0.10
0.5
2.5 
5.0
7.5 
10.0
0.5
2.5 
5.0
7.5 
10.0
0.5
2.5 
5.0
7.5 
10.0
7T=5 7T =  10 7t=20
Q* Q*
3
7
12
16
20
2
5
9
12
15
1
4
7
10
12
0.5
2.5 
5.0
7.5 
10.0
0.5
2.5 
5.0
7.5 
10.0
0.5
2.5 
5.0
7.5
10.0
3
9
15
21
26
2
7
12
17
21
2
6
10
14
17
149.67
152.17
151.37
152.32
152.70
29.43
31.16
30.97
31.69
32.08
15.66
15.86
16.21
16.24
16.81
203.23
202.52
203.16
202.59
203.92
41.33
41.06
41.54
41.50
42.27
19.65
20.66 
21.47 
21.73 
22.43
98.40
517.97
1023.40
1507.08
1969.06
13.71
86.21
168.95
242.73
307.59
5.21
36.24
70.11
97.33
118.91
183.59
941.34
1858.31
2739.96
3586.40
29.56
165.44
323.89
467.69
598.20
11.64
73.04
141.01
198.63
246.49
on;
2
7
11
15
19
1
5
8
11
14
1
4
7
9
11
3
9
15
20
26
2
6
11
16
20
1
5
10
13
17
153.96
150.10
152.63
153.52
153.75
31.42
29.69
31.34
32.04
32.38
14.06
14.75
15.42
16.46
17.04
91.23
501.71
1004.11
1485.50
1946.59
10.78
78.36
160.71
234.29
299.73
2.88
31.69
65.35
93.44
115.62
2
6
10
14
18
1
4
7
10
13
1
3
6
8
11
149.73
151.38
153.80
154.32
154.25
28.23
29.91
31.50
32.12
32.42
11.12
15.00
15.45
16.57
16.37
200.97
200.42
201.25
203.62
202.30
39.41
41.76
41.88
41.66
42.46
21.11
21.02
20.61
21.88
21.92
173.47
921.41
1833.55
2712.33
3557.01
24.03
155.18
311.90
455.63
586.34
8.68
66.63
133.86
191.96
240.69
2
8
14
19
25
1
6
10
15
19
1
5
9
12
16
209.04
201.43
201.46
204.08
202.13
42.31
39.26
41.88
41.43
42.29
18.44 
19.24
20.45
21.84
21.85
78.23
477.05
971.13
1448.43
1907.36
6.10
68.98
148.50
221.57
287.46
-1.29
26.80
59.63
87.65
110.73
156.51
889.21
1791.34
2664.43
3505.67
17.69
140.25
294.06
436.79
567.58
5.06
57.95
124.40
182.41 
232.21
Table A.4: Sensitivity for Constant Pricing Results w.r.t. 
and Optimal Starting Quantity
7T, a, 6, r, r = 0.01
A.8 Sensitivity for Constant Pricing R esults w.r.t. tt, a, b, t , r =  0.01 for 1,5,10 and 20 items.
h=l 
r=0.01 
a
0.01
0.05
0.10
0.01
0.05
0.10
0.5
2.5 
5.0
7.5
10.0
0.5
2.5 
5.0
7.5
10.0
0.5
2.5 
5.0
7.5
10.0
0.5
2.5 
5.0
7.5
10.0
0.5
2.5 
5.0
7.5
10.0
0.5
2.5 
5.0
7.5
10.0
1 Item
7T=5
P
172.67
223.18
246.60
257.90
264.57
33.08
43.88
48.68
50.92
52.20
15.66 
21.49 
23.96 
25.07
25.67
239.90
311.69 
340.50
353.70 
361.30
46.67
61.72
67.56
70.17
71.64
22.54
30.49
33.46
34.74
35.43
78.13
187.01
224.07
239.55
247.77
13.27
35.99
43.23
46.04
47.42
5.21
17.16
20.69
21.95
22.50
129.30
273.61
316.80
334.05
342.99
23.83
53.52
61.94
65.11
66.62
10.69
26.04
30.13
31.56
32.18
7T=10
170.95
222.55
246.27
257.69
264.42
31.42
43.30
48.39
50.75
52.09
14.06
20.98
23.72
24.93
25.58
238.36
311.20
340.26
353.54
361.19
45.18
61.26
67.34
70.04
71.54
21.11
30.07
33.26
34.63
35.36
75.51
186.30
223.75
239.35
247.64
10.78
35.36
42.96
45.90
47.33
2.88
16.62
20.47
21.84
22.44
127.07
273.08 
316.55 
333.91 
342.89
21.71
53.04
61.74
64.99
66.56
8.68
25.61
29.96
31.47
32.13
7t=20
167.54
221.31
245.64
257.28
264.13
28.23
42.26
47.88
50.43
51.87
11.12
20.10
23.31
24.68
25.43
235.30
310.24 
339.78
353.24 
360.97
42.31
60.42
66.94
69.79
71.38
18.44
29.35
32.93
34.43
35.24
70.34
184.92
223.11
238.97
247.38
6.10
34.23
42.47
45.62
47.16
-1.29
15.71
20.10
21.65
22.34
122.67
272.04
316.08
333.63
342.71
17.69
52.15
61.35
64.78
66.43
5.06
24.87
29.66
31.32
32.05
5 Items
7T=5
147.45
164.01
195.86
216.73
230.24
27.40
31.16
38.03 
42.33
45.03
12.40
14.61
18.35
20.56
21.90
197.70
235.05
281.97 
308.08
323.97
37.46
45.69
55.49
60.78
63.93
17.44 
22.07 
27.21 
29.89
31.44
88.78
497.77
790.35
937.71
1021.28
-0.84
86.21
145.19
172.98
187.65
-11.89
35.27
65.06
78.00
84.22
177.24
837.79
1215.75
1386.99
1479.67
17.89
156.61
231.94
264.23
280.63
- 1.88
71.80
109.30
124.31 
131.33
7T=10
144.97
162.41
195.08
216.27
229.92
24.92 
29.69 
37.35
41.93 
44.77
9.92
13.28
17.77
20.24
21.70
195.22
233.80
281.41
307.75
323.75
35.00
44.54
54.99
60.50
63.75
14.98
21.02
26.78
29.65
31.28
67.73
488.95
786.63
935.64 
1019.95
-21.51
78.36
142.09
171.37
186.69
-32.08
28.44
62.56
76.79
83.59
157.43
831.33
1213.17
1385.55
1478.76
-1.55
150.78
229.72
263.07
279.94
-20.85
66.63
107.44
123.41
130.85
7t=20
P"
139.99
159.26
193.56
215.36
229.30
19.96
27.00
36.14
41.24
44.31
4.99
11.06
16.83
19.72
21.37
190.28
231.35
280.32
307.11
323.31
30.08 
42.43
54.09 
59.98 
63.40
10.12
19.24
26.04
29.23
31.02
25.81
471.75
779.41
931.60
1017.37
-61.92
64.36
136.65
168.50
184.99
-70.63
17.32
58.52 
74.81
82.52
117.98
818.68
1208.12
1382.75
1476.97
-39.51
140.19
225.70
260.95
278.69
-56.97
57.95
104.31
121.86
130.01
Table A.5: Sensitivity for Constant Pricing Results w.r.t. tt, a, 6, r , r  =  0.01 for 1 and 5 items
i
0001
h=l 
r=0.01  
a
0.01
0.05
0.10
0.01
0.05
0.10
0.5
2.5 
5.0
7.5
10.0
0.5
2.5 
5.0
7.5
10.0
0.5
2.5 
5.0
7.5
10.0
0.5
2.5 
5.0
7.5
10.0
0.5
2.5 
5.0
7.5
10.0
0.5
2.5 
5.0
7.5
10.0
10
7T=5
147.38
147.30
158.51
178.80
196.11
27.38
27.05
29.73
34.23
37.86
12.38
12.03
13.74
16.24
18.13
197.38
199.72
230.58
262.65
285.28
37.38
37.70
44.64
51.37
55.97
17.38
17.49
21.47
25.00
27.34
61.43
504.78
1014.55
1381.03
1619.47
-28.21
61.56
166.74
238.54
282.34
-39.26
7.18
62.32
97.33 
116.99
150.02
940.22
1739.82
2213.79
2493.86
-9.44
154.31
317.78
409.65
461.07
-29.22
56.98
141.01
185.16
208.21
Item
=10
144.89
144.89 
156.91 
177.88 
195.51
24.89
24.67
28.33
33.46
37.37
9.89
9.73
12.55
15.62
17.76
194.89
197.48
229.46
262.04
284.88
34.89
35.55
43.65
50.84
55.64
14.89
15.46
20.61
24.56
27.06
15.51
474.76
999.77 
1373.14 
1614.63
-73.74
33.58
154.31
232.32 
278.77
-84.31
-18.35
52.20
92.62
114.51
105.34
915.90
1729.91
2208.64
2490.70
-53.74
131.80
309.24
405.43
458.63
-73.04
36.58
133.86
181.82
206.42
7t=20
139.90
140.06
153.80
176.09
194.36
19.90
20.05
25.88
32.12
36.54
4.90
5.51
10.67
14.63
17.16
189.90
193.02
227.28
260.84
284.11
29.90
31.45
41.88
49.89 
55.04
9.90
11.85
19.20
23.82
26.61
-76.15
415.60
971.13
1357.90
1605.26
-163.89
-18.19
132.76
221.57
272.54
-172.57
-61.70
36.48
85.22
110.50
16.17
868.04
1710.59
2198.61
2484.53
-141.40
90.37
294.06
397.87
454.21
-158.80
2.00
122.21
176.29
203.39
20 Items
7T=5
P
147.38
146.91
146.33
146.70
152.70
27.38
26.91 
26.33 
26.22
27.92
12.38
11.91
11.33
11.30
12.54
197.38
196.91
196.70
205.29
225.37
37.38
36.91
36.48
38.70
43.27
17.38
16.91
16.49
18.02
20.62
6.70
431.75
959.13
1479.98
1969.06
-82.94
-11.73
83.90
185.42
281.38
-93.99
- 66.10
-22.54
28.68
75.97
95.28
871.46
1829.90
2737.88
3472.11
-64.18
82.32
272.23
455.63
597.85
-83.96
-15.26
80.35
173.82
241.92
=10
144.89
144.44
143.90
144.45 
151.08
24.89 
24.44
23.90 
24.18 
26.62
9.89
9.44
8.94
9.58
11.54
194.89
194.44
194.31
203.62
224.39
34.89
34.44
34.16
37.27
42.46
14.89
14.44
14.31
16.84
19.97
-88.98
353.03
900.84
1440.86
1944.73
-178.23
-88.34
30.26
152.94
262.96
-188.80
-140.07
-70.43
3.20
62.78
0.85
798.84
1783.39
2712.33
3457.52
-158.23
11.81
230.19
434.46
586.34
-177.52
-83.14
43.62
156.94
233.26
7t=20
P*
139.90
139.50
139.03
140.02
147.95
19.90
19.50
19.09
20.55
24.45
4.90
4.50
4.42
6.95
10.08
189.90
189.50
189.57
200.38
222.48
29.90
29.50
29.72
34.78
41.05
9.90
9.50
10.51
15.00
18.94
-280.14
196.50
785.99
1364.90
1897.96
-367.88
-237.04
-68.42
97.35
232.08
-376.56
-278.98
-149.73
-34.74
43.14
-187.82
654.50
1692.06
2662.75
3429.23
-345.39
-124.70
154.06
397.64
566.26
-362.79
-209.86
-16.08
130.57
219.46
Table A.6 : Sensitivity for Constant Pricing Results w.r.t. tt, a, b ,r ,r  = 0.01  for 10 and 20 items
i§
00
A .9 Relative Profit Improvement Sensitivity Results w.r.t. tt, a, 6, r and Starting Stocking 
Qusmtity
h-=1, r=C 
7 T =  5
.01 Starting Q
0 a T 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
3
0.01
2.5 
5.0
7.5 
10
U
0
0
0
0.73
0.69
0.61
0.53
1.10
1.22
1.12
0.99
1.19
1.57
1.52
1.38
1.12
1.78
1.83
1.70
0.99
1.87
2.06
1.96
0.88
1.85
2.20
2.18
0.82
1.77
2.29
2.35
0.80
1.64
2.31
2.47
0.80
1.51
2.29
2.56
0.80
1.39
2.23
2.61
0.81
1.30
2.14
2.63
0.81
1.25
2.04
2.62
0.81
1.22
1.93
2.59
0.81
1.20
1.83
2.54
0.81
1.20
1.76
2.47
0.81
1.20
1.70
2.40
0.81
1.20
1.66
2.32
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Table A.7: Relative Profit Improvement Sensitivity Results w.r.t. jr =  5, a. 6, t and Starting Stocking Quantity
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Table A.9: Relative Profit Improvement Sensitivity Results w.r.t. tt =  20, a, b, r  and Starting Stocking Quantity
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